Forestry 430 Advanced Biometrics and
FRST 533 Problems in Statistical Methods
Course Materials 2007

Instructor: Dr. Valerie LeMay , Forest Sciences 2039, 604-822-4770,
EMAIL: Valerie.LeMay@ubc.ca

Course Objectives and Overview:
The objectives of this course are:
1. To be able to use simple linear and multiple linear regression to
fit models using sample data;
2. To be able to design and analyze lab and field experiments;
3. To be able to interpret results of model fitting and experimental
analysis; and
4. To be aware of other analysis methods not explicitly covered in
this course.
In order to meet these objectives, background theory and examples
will be used. A statistical package called “SAS” will be used in
examples, and used to help in analyzing data in exercises. Texts are
also important, both to increase understanding while taking the
course, and as a reference for future applied and research work.

Course Content Materials:

These cover most of the course materials. However, changes will be
made from year to year, including additional examples. Any
additional course materials will be given as in-class handouts.
NOTE: Items given in Italics are only described briefly in this course.

These course materials will be presented in class and are essential for
the courses. These materials are not published and should not be
used as citations for papers. Recommendations for some published
reference materials, including the textbook for the course, will be
listed in the course outline handed out in class.

I. Short Review of Probability and Statistics (pp. 9-37)
e Descriptive statistics
¢ Inferential statistics using known probability distributions:
normal, t, F, Chi-square, binomial, Poisson

II. Fitting Equations (pp. 38-40)
¢ Dependent variable and predictor variables
e Purpose: Prediction and examination
o General examples
e Simple linear, multiple linear, and nonlinear regression
¢ Objectives in fitting: Least squared error or Maximum likelihood

Simple Linear Regression (SLR) (pp. 41-96)
Definition, notation, and example uses
¢ dependent variable (y) and predictor variable (x)
¢ intercept, and slope, and error
Least squares solution to finding an estimated intercept and slope
e Derivation
e Normal equations
e Examples
Assumptions of simple linear regression and properties when
assumptions are met
¢ Residual plots to visually check the assumptions that:
o 1. Relationship is linear MOST IMPORTANT!!
o 2. Equal variance of y around x (equal “spread” of errors
around the line)
o 3. Observations are independent (not correlated in space
nor time)
¢ Normality plots to check assumption that:
o 4. Normal distribution of y around x (normal
distribution of errors around the line)
¢ Sampling and measurement assumptions:
o 5. xvalues are fixed
o 6. random sampling of y occurs for every x




Transformations and other measures to meet assumptions
¢ Common Transformations for nonlinear trends, unequal
variances, percents, rank transformation
¢ Outliers: unusual observations
o Other methods: nonlinear least squares, weighted least squares,
general least squares, general linear models
Measures of goodness-of-fit
e Graphs
o Coefficient of determination (r2) [and Fit Index, 1]
e Standard error of the estimate (SEg) [and SEg']
Estimated variances, confidence intervals and hypothesis tests
e For the equation
e For the intercept and slope
e For the mean of the dependent variable given a value for x
¢ For a single or group of values of the predicted dependent
variable given a value for x
Selecting among alternative models
e Process to fit an equation using least squares regression
e Meeting assumptions
e Measures of goodness-of-fit: Graphs, Coefficient of
determination (r2) or I2, and Standard error of the estimate (SEg)
or SE¢’
e Significance of the regression
¢ Biological or logical basis and cost

Multiple Linear Regression (pp. 97-173)
Definition, notation, and example uses
e dependent variable (y) and predictor variables (x’s)
¢ intercept, and slopes and error
Least squares solution to finding an estimated intercept and slopes
o Least Squares and comparison to Maximum Likelihood Estimation
e Derivation
¢ Linear algebra to obtain normal equations; matrix algebra
e Examples: Calculations and SAS outputs
Assumptions of multiple linear regression
e Residual plots to visually check the assumptions that:

o 1. Relationship is linear (y with ALL x’s, not each x,
necessarily); MOST IMPORTANT!
o 2. Equal variance of y around x’s (equal “spread” of
errors around the “surface”)
o 3. Observations are independent (not correlated in space
nor time)
e Normality plots to check assumption that:
o 4. Normal distribution of y around x’s (normal
distribution of errors around the “surface”)
¢ Sampling and measurement assumptions:
o 5. xvalues are fixed
o 6. random sampling of y occurs for every combination of
x values
e Properties when all assumptions are met versus some are not
met
Transformations and other measures to meet assumptions: same as
for SLR, but more difficult to select correct transformations
Measures of goodness-of-fit
e Graphs
o Coefficient of multiple determination (R?) [and Fit Index, I?]
e Standard error of the estimate (SEg) [and SEg’]
Estimated variances, confidence intervals and hypothesis tests:
Calculations and SAS outputs
e For the regression “surface”
o For the intercept and slopes
o For the mean of the dependent variable given a particular value
for each of the x variables
e For a single or group of values of the predicted dependent
variable given a particular value for each of the x variables
Methods to aid in selecting predictor (x) variables
o All possible regressions
e R2criterion in SAS
e Stepwise methods
Adding class variables as predictors
e Dummy variables to represent a class variable
¢ Interactions to change slopes for different classes




Comparing two regressions for different class levels
More than one class variable

(class variables as the dependent variable - covered in FRST 530; under
generalized linear model).
Selecting and comparing alternative models

Meeting assumptions

Parsimony and cost

Biological nature of the system modeled

Measures of goodness-of-fit: Graphs, Coefficient of
determination (R?) [or Fit Index, 2], and Standard error of the
estimate (SEg) [or SEE’]

Comparing models when some models have a transformed
dependent variable

Other methods using maximum likelihood criteria

II. Experimental Design and Analysis (pp.174-192)

Sampling versus experiments

Definitions of terms: experimental unit, response variable,
factors, treatments, replications, crossed factors, randomization,
sum of squares, degrees of freedom, confounding

Variations in designs: number of factors, fixed versus random
effects, blocking, split-plot, nested factors, subsampling,
covariates

Designs in use

Main questions in experiments

Completely Randomized Design (CRD) (pp. 193-293)
Definition: no blocking and no splitting of experimental units
One Factor Experiment, Fixed Effects (pp. 193-237)

Main questions of interest

Notation and example: observed response, overall (grand
mean), treatment effect, treatment means

Data organization and preliminary calculations: means and
sums of squares

Test for differences among treatment means: error variance,
treatment effect, mean squares, F-test

Assumptions regarding the error term: independence, equal
variance, normality, expected values under the assumptions
Differences among particular treatment means

Confidence intervals for treatment means

Power of the test

Transformations if assumptions are not met

SAS code

Two Factor Experiment, Fixed Effects (pp. 238-273)

Introduction: Separating treatment effects into factor 1, factor 2
and interaction between these

Example layout

Notation, means and sums of squares calculations
Assumptions, and transformations

Test for interactions and main effects: ANOVA table, expected
mean squares, hypotheses and tests, interpretation

Differences among particular treatment means

Confidence intervals for treatment means

SAS analysis for example

One Factor Experiment, Random Effects

Definition and example
Notation and assumptions
Least squares versus maximum likelihood solution

Two Factor Experiment, One Fixed and One Random Effect (pp. 274-

293)
[ ]
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[ ]

Introduction

Example layout

Notation, means and sums of squares calculations
Assumptions, and transformations

Test for interactions and main effects: ANOVA table, expected
mean squares, hypotheses and tests, interpretation

SAS code

Orthogonal polynomials — not covered




Restrictions on Randomization (pp. 294-397)
Randomized Block Design (RCB) with one fixed factor (pp. 294-319)
¢ Introduction, example layout, data organization, and main
questions
¢ Notation, means and sums of squares calculations
e Assumptions, and transformations
¢ Differences among treatments: ANOVA table, expected mean
squares, hypotheses and tests, interpretation
¢ Differences among particular treatment means
¢ Confidence intervals for treatment means
e SAScode
Randomized Block Design with other experiments (pp. 320-358)
¢ RCB with replicates in each block
¢ Two fixed factors
¢ One fixed, one random factor
Incomplete Block Design
o Definition
e Examples
Latin Square Design: restrictions in two directions (pp. 359-377)
¢ Definition and examples
¢ Notation and assumptions
¢ Expected mean squares
Hypotheses and confidence intervals for main questions if
assumptions are met
Split Plot and Split-Split Plot Design (pp. 378-397)
e Definition and examples
¢ Notation and assumptions
o Expected mean squares
¢ Hypotheses and confidence intervals for main questions if
assumptions are met

Nested and hierarchical designs (pp. 398-456)
CRD: Two Factor Experiment, Both Fixed Effects, with Second Factor
Nested in the First Factor (pp. 398-423)

¢ Introduction using an example

¢ Notation

¢ Analysis methods: averages, least squares, maximum likelihood
e Data organization and preliminary calculations: means and
sums of squares
¢ Example using SAS
CRD: One Factor Experiment, Fixed Effects, with sub-sampling (pp.
424-449)
¢ Introduction using an example
¢ Notation
¢ Analysis methods: averages, least squares, maximum likelihood
e Data organization and preliminary calculations: means and
sums of squares
¢ Example using SAS
RCB: One Factor Experiment, Fixed Effects, with sub-sampling (pp.
450-456)
¢ Introduction using an example
¢ Example using SAS

Adding Covariates (continuous variables) (pp. 457-468)
Analysis of covariance

o Definition and examples

¢ Notation and assumptions

¢ Expected mean squares

¢ Hypotheses and confidence intervals for main questions if

assumptions are met
¢ Allowing for Inequality of slopes

Expected Mean Squares - Method to Calculate These (pp. 469-506)
¢ Method and examples

Power Analysis (pp. 507-524)
o Concept and an example

Use of Linear Mixed Models for Experimental Design (pp. 525-557)
o Concept and examples

Summary (pp. 558-572)



Probability and Statistics Review

Population vs. sample: N vs. n

Experimental vs. observational studies: in
experiments, we manipulate the results
whereas in observational studies we simple
measure what is already there.

Variable of interest/ dependent variable/
response variable/ outcome: y

Auxilliary variables/ explanatory
variables/ predictor variables/
independent variables/ covariates: x

Observations: Measure i’s and x’s for a
census (all N) or on a sample (n out of the

N)

x and y can be: 1) continuous (ratio or
interval scale); or 2) discrete (nominal or
ordinal scale)

Descriptive Statistics: summarize the
sample data as means, variances, ranges,
etc.

Inferential Statistics: use the sample
statistics to estimate the parameters of the
population



Parameters for populations:

1.

Mean --p e.g. for N=4 and 11=5; 11>=6;
Ys=7, y4=6 p=6

Range: Maximum value - minimum
value

Standard Deviation o and Variance 02

Z(yl ,U)/
o= F

4. Covariance between x and y: Oy

- [Z(yi _:uy)(xi _:ux)j/N

5. Correlation (Pearson’s) between two
variables, y and x: p

o,

pxy: 2 2
o, X0o,

Ranges from -1 to +1; with strong
negative correlations near to -1 and
strong positive correlations near to +1.

6. Distribution for y -- frequency of each
value of y or x (may be divided into
classes)

7. Probability Distribution of y or x -
probability associated with each y
value

8. Mode -- most common value of y or x

9. Median -- y-value or x-value which
divides the distribution (50% of N
observations are above and 50% are
below)



Example: 250 aspen trees of Alberta
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Descriptive Statistics: age
N=250 trees Mean = 71 years
Median = 73 years

25% percentile =55 75% percentile =
82
Minimum = 24 Maximum =160

Variance = 514.7 Standard Deviation =
22.69

1. Compare mean versus median
2. Normal distribution?

Pearson correlation of age and dbh =
0.573 for the population of N=250 trees



Statistics from the Sample:

1. Mean -V e.g. for n=3 and y1=5; 12=6;

ys=7, ¥ =6

Range: Maximum value - minimum
value

Standard Deviation s and Variance s?

Z(y, 7) /n 1)
=\/S7

Standard Deviation of the sample
means (also called the Standard Error,
short for Standard Error of the Mean)
and it’s square called the variance of
the sample means are estimated by:

Sy2 =s*/n and S5 = \/s/n

5. Coefficient of variation (CV): The
standard deviation from the sample,
divided by the sample mean. May be
multiplied by 100 to get CV in percent.

6. Covariance between x and y: sxy

- (Z@ ), f)j /(n -1)

7. Correlation (Pearson’s) between two
variables, y and x: r

P

Xy 2 2
S, XS,

Ranges from -1 to +1; with strong
negative correlations near to -1 and
strong positive correlations near to +1.

8. Distribution for y -- frequency of each
value of y or x (may be divided into
classes)



Example: n=150

9. Estimated Probability Distribution of
y or x — probability associated with
each y value based on the n

observations 20 =

10. Mode -- most common value of y or x
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11. Median -- y-value or x-value which
divides the estimated probability
distribution (50% of N observations
are above and 50% are below)
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n=150 trees Mean = 69 years
Median = 68 years

25% percentile =48 75% percentile =
81

Minimum = 24 Maximum =160

Variance = 699.98
Standard Deviation = 25.69 years
Standard error of the mean =2.12 years

Good estimate of population values?

Pearson correlation of age and dbh =
0.66 with a p-value of 0.000 for the
sample of n=150 trees from a population
of 250 trees

Null and alternative hypothesis for
the p-value?
What is a p-value?

Sample Statistics to Estimate Population
Parameters:

If simple random sampling (every
observation has the same chance of being
selected) is used to select n from N, then:

e Sample estimates are unbiased
estimates of their counterparts (e.g.,
sample mean estimates the population
mean), meaning that over all possible
samples the sample statistics, averaged,
would equal the population statistic.

e A particular sample value (e.g., sample
mean) is called a “point estimate” -- do
not necessarily equal the population
parameter for a given sample.

e Can calculate an interval where the true
population parameter is likely to be,
with a certain probability. This is a
Confidence Interval, and can be
obtained for any population parameter,
IF the distribution of the sample statistic
is known.
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Common continuous distributions:

N
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e Symmetric distribution around p

e Defined by p and o2 If we know that a
variable has a normal distribution, and
we know these parameters, then we
know the probability of getting any
particular value for the variable.
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e Probability tables are for p=0 and 0?=1,
and are often called z-tables.

e Examples: P(-1<z<+1) = 0.68;
P(-1.96<z<1.96)=0.95.
Notation example: For a=0.05,

Z% = Zy 405 = —1.96'

e z-scores: scale the values for y by
subtracting the mean, and dividing by
the standard deviation.

Yi— H
O
E.g., for mean=20, and standard

deviation of 2 and y=10,
z=-5.0 (an extreme value)

z, =

1

22



t-distribution: X2 distribution:

e Symmetric distribution e Starts at zero, and is not symmetric

e Table values have the center at 0. The e Is the square of a normally distributed
spread varies with the degrees of variable e.g. sample variances have a
freedom. As the sample size increases, X2 distribution if the variable is
the df increases, and the spread normally distributed
decreases, and will approach the e Need the degrees of freedom and the
normal distribution. percentile as with the t-distribution

e Used for a normally distributed

variable whenever the variance of that Lo
variable is not known. [
e Notation examples: 081

L11,1-a/2 where n-1 is the degrees of
freedom, in this case, and we are
looking for the 1-a/2 percentile. For

s AR AR AR
{1 L |
B W R —

0.6

example, for n=5 and a=0.05, we are 041
looking for t with 4 degrees of freedom

and the 0.975 percentile (will be a value o2k
around 2). [

0.0 bt IR IR v

0 1 2 3
X

23 24



F-distribution:

e Is the ratio of 2 variables that each
have a X2 distribution eg. The ratio of
2 sample variances for variables that
are each normally distributed.

e Need the percentile, and two degrees
of freedom (one for the numerator and
one for the denominator)

Central Limit Theorem: As n increases, the
distribution of sample means will approach
a normal distribution, even if the
distribution is something else (e.g. could be
non-symmetric)

Tables in the Textbook:

Some tables give the values for probability
distribution for the degrees of freedom, and
for the percentile. Others, give this for the
degrees of freedom and for the alpha level
(or sometimes alpha/2). Must be careful in
reading probability tables.
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Confidence Intervals for a single mean:

» Collect data and get point estimates:

o The sample mean, Y to estimate of the

population mean # ---- Will be
unbiased
o The sample mean, S to estimate of the
2
population mean O —--- Will be
unbiased

» Can calculate interval estimates of each point
estimate e.g. 95% confidence interval for the
true mean

o Ifthe y’s are normally distributed OR

o The sample size is large enough that the

Central Limit Theorem holds -- V will be

normally distributed

26



n items measured out of N possible items

(sometimes N is infinite)

n

n i=1

y,” (square each value and then add them )

i=1

2 _ Z%z _(Zyi)z/”
n—1

S, (N—-n) .
s’ = L(T) without replacement;

s
2 .
S5 = with replacement or
n

when N is very large
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where iyi (sumoverall 7 items)

S

—x100
Y

Coefficien t of Variation = CV =

95% Confidence Intervals for the

true mean of the population :

VA= b ianX S5

28



Examples:
nis: 4
Plot volume ba/ha ave. dbh
1 200 34 50
2 150 20 40
3 300 40 55
4 0 0 0
mean: 162.50 23.50 36.25
variance: 15625.00 315.67 622.92
std.dev.: 125.00 17.77 24.96
std.dev.
of mean: 62.50 8.88 12.48
t should be: 3.182
Actual 95%
CI
(+/-): 198.88 28.27 39.71
NOTE:
EXCEL: 122.50 17.41 24.46
95%(+/-)
t: 1.96 1.96 1.96
not
correct!!!
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Hypothesis Tests:
e Can hypothesize what the true value of

any population parameter might be, and
state this as null hypothesis (HO: )

We also state an alternate hypothesis
(H1: or Ha: ) that it is a) not equal to this
value; b) greater than this value; or c)
less than this value

Collect sample data to test this
hypothesis

From the sample data, we calculate a
sample statistic as a point estimate of
this population parameter and an
estimated variance of the sample
statistic.

We calculate a “test-statistic” using the
sample estimates

Under HO, this test-statistic will follow a
known distribution.

If the test-statistic is very unusual,
compared to the tabular values for the
known distribution, then the HO is very
unlikely and we conclude H1:

30



» We believe that

3 4 the average

- == weight of ravens
)< ) in Yukonis1kg.

HO:

H1:

A sample of 10 birds is taken (HOW??)
and each bird is weighed and released.
The average bird weight is 0.8 kg, and the
standard deviation was 0.02 kg.
Assuming the bird weights follow a
normal distribution, we can use a t-test
(why not a z-test?)

Mean:

Variance:

31

Standard Error of the Mean:

Aside: What is the CV?

Test statistic: t-distribution

t:

Under HO: this will follow a t-distribution
with df = n-1.

Find value from t-table and compare:

Conclude?

32



The p-value:

Is the probability that we would get a
value outside of the sample test statistic.

NOTE: In EXCEL use: =tdist(x,df,tails)
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Example: Comparing two means:

We believe that the average weight of
male ravens differs from female ravens

HO: M =M, OF py =1, =0

H1: 44 # My O py— 4, 20

A sample of 20 birds is taken and each
bird is weighed and released. 12 birds
were males with an average weight of 1.2
kg and a standard deviation of 0.02 kg. 8
birds were females with an average
weight of 0.8 and a standard deviation of
0.01 kg.

Means?

Sample Variances?
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Test statistic:

t:(J_’l_)_/z)_oz .)_}1_.)_/2
S5-5, (= 1)s,” +(n, = 1)s,”
n+n,—2
t:

Under HO: this will follow a t-distribution
with df = (n1+n2-2).

Find t-value from tables and compare, or
use the p-value:

Conclude?
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Errors for Hypothesis Tests

HO True HO False
Accept 1-a B (Typell
error)
Reject a (Typel |1-p
error)

Type I Error: Reject HO when it was true.
Probability of this happening is a

Type II Error: Accept HO when it is false.
Probability of this happening is

Power of the test: Reject HO when it is false.
Probability of this is 1-p

36



What increases power?
e Increase sample sizes, resulting in lower
standard errors

e A larger difference between mean for

HO and for H1

e Increase alpha. Will decrease beta.
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Fitting Equations
REF:
Idea is :
- variable of interest (dependent variable) y; ; hard to
measure
- “easy to measure” variables (predictor/ independent)

that are related to the variable of interest, labeled x1;,

- measure Vi, Xij,.....Xmi for a sample of n items

- use this sample to estimate an equation that relates
yi (dependent variable) to x1i,..xmi (independent or
predictor variables)

- once equation is fitted, one can then just measure the
x’s, and get an estimate of y without measuring it

-- also can examine relationships between variables
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Examples:

1. Percent decay = yi; xi =logten (dbh)
2. Logten (volume) = yi; x1i = logten(dbh),
x2i = logten(height)
3. Branch length = y; ; x1; = relative height above ground,
x2i = dbh, x3; = height

Types of Equations

Simple Linear Equation:

yi=ht+tpixits

Multiple Linear Equation:

vi= P+ frxnt foxait. ALy Xmi t&

Nonlinear Equation: takes many forms, for example:

yi=ﬂ0+ﬂ1x1iﬁ2 x5+

39

Objective:

Find estimates of [, fi, /% ... fn such that the sum of

squared differences between measured y; and predicted
yi (usually labeled as ¥,, values on the line or surface) is
the smallest (minimize the sum of squared errors, called

least squared error).

OR
Find estimates of f, £, f: ... fu such that the likelihood
(probability) of getting these y values is the largest

(maximize the likelihood).
Finding the minimum of sum of squared errors is often

easier. In some cases, they lead to the same estimates of

parameters.
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Simple Linear Regression (SLR)

Population: y, =)+ S x; + & Uy | x= By + Bx,

A

Sample: y;=by+b;x;+te J,=b,+bx, € =)=
by 1s an estimate of f, [intercept]

b; is an estimate of f; [slope]

)A’ i 1s the predicted y; an estimate of the average for y for a
particular x value

e; 1s an estimate of &, called the error or the residual;
represents the variation in the dependent variable (the y)

which is not accounted for by predictor variable (the x).

Example: Tree Height (m) — hard to measure; Dbh
(diameter at 1.3 m above ground in cm) — easy to measure

—use Dbh squared for a linear equation

Find b, (intercept; y; when x; = 0) and b; (slope) so that

SSE=J¢/ (sum of squared errors over all n sample

observations) is the smallest (least squares solution)
e The variables do not have to be in the same units.
Coefficients will change with different units of measure.
e Given estimates of b, and b;, we can get an estimate of

the dependent variable (the y) for ANY value of the x,

within the ranges of x’s represented in the original data.
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200+

00+ T T T T T ]

Coh squared

Y = Y Difference between measured y and the mean of y

Yi )i Difference between measured y and predicted y

yi—y= (yi _y)_(yi _)A’i) Difference between

predicted y and mean of y

42




Least Squares Solution: Finding the Set of Coefficients

that Minimizes the Sum of Squared Errors

To find the estimated coefficients that minimizes SSE for a

particular set of sample data and a particular equation (form

and variables):

1. Define the sum of squared errors (SSE) in terms of the
measured minus the predicted y’s (the errors);

2. Take partial derivatives of the SSE equation with respect
to each coefficient

3. Set these equal to zero (for the minimum) and solve for
all of the equations (solve the set of equations using

algebra or linear algebra).
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For linear models (simple or multiple linear), there will be one
solution. We can mathematically solve the set of partial
derivative equations.

e WILL ALWAYS GO THROUGH THE POINT

DEFINED BY (%> 7).

e Will always result in Je;=0

For nonlinear models, this is not possible and we must search

to find a solution (covered in FRST 530).

If we used the criterion of finding the maximum likelihood

(probability) rather than the minimum SSE, we would need to
search for a solution, even for linear models (covered FRST

530).
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Least Squares Solution for SLR: OSSE

S -

Find the set of estimated parameters (coefficients) that ob,
minimize sum of squared errors - < ~ 2
0=)> yx,—) byx,—b ) x,
. . - 2 . = 2 ; 121 ’ 1 121
min(SSE) = mln(Zel. ) = min Z(yl. —(b, + blxl.))
. . b p x" =2 v byx;
i=1 i=1 i=1
Take partial derivatives with respect to by and b, set them . .
equal to zero and solve. y.x, _Z byx,
b — =1 i=1
OSSE - ! "

-2 (y,—(by +hyx,)) 3%/

8bo i=1

0= E Yi— E bo_bl E X; En yixi_f,()_}_blf)xi
— - - — —
i i i bl — i=1 i=1

OZZn:yi _nbo_blzn:xi Zn:xiz
i-1 i1 i1

1 1 With some further manipulations:
b, :_ZYi —b, _in
n - n i

n

Z(yi _.)_/)('xi _f)
by=y—bx b =+

B s w(n—1) _ SPxy
zn:(x _f)z sz(n—l) SSx

Where SPxy refers to the corrected sum of cross products
for x and y; SSx refers to the corrected sum of squares for
x [Class example]
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Properties of by and b

bpand b; are least squares estimates of £, and £; . Under
assumptions concerning the error term and sampling/
measurements, these are:
e Unbiased estimates; given many estimates of the slope
and intercept for all possible samples, the average of
the sample estimates will equal the true values

e The variability of these estimates from sample to
sample can be estimated from the single sample; these
estimated variances will be unbiased estimates of the
true variances (and standard errors)

¢ The estimated intercept and slope will be the most
precise (most efficient with the lowest variances)
estimates possible (called “Best”)

e These will also be the maximum likelihood estimates
of the intercept and slope
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Assumptions of SLR

Once coefficients are obtained, we must check the

assumptions of SLR. Assumptions must be met to:

obtain the desired characteristics

assess goodness of fit (i.e., how well the regression
line fits the sample data)

test significance of the regression and other
hypotheses

calculate confidence intervals and test hypothesis for
the true coefficients (population)

calculate confidence intervals for mean predicted y
value given a set of x value (i.e. for the predicted y

given a particular value of the x)

Need good estimates (unbiased or at least consistent) of

the standard errors of coefficients and a known

probability distribution to test hypotheses and calculate

confidence intervals.
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Checking assumptions using residual Plots
Assumptions of :

1. alinear relationship between the y and the x;
2. equal variance of errors; and

3. independence of errors (independent observations)

can be visually checked by using RESIDUAL PLOTS

A residual plot shows the residual (i.e., y; - ¥;) as the y-axis

and the predicted value (¥;) as the x-axis.

Residual plots can also indicate unusual points (outliers)

that may be measurement errors, transcription errors, etc.
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Residual plot that meets the assumptions of a linear

relationship, and equal variance of the observations:

The data points are evenly distributed about zero and there
are no outliers (very unusual points that may be a

measurement or entry error).

For independence:
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Examples of Residual Plots Indicating Failures to Meet
Assumptions:

1. The relationship between the x’s and y is linear. If not
met, the residual plot and the plot of y vs. x will show a

curved line:

ht Residual

1
2 1
50 11 1 10
2 12t 111 2
2 2 21 1 1o 1
221221 1 20 12 1 111
22 22 22022 2 2 1
12 121 1 5
40 2 22 12 11221 1
2 22222222 1
2222 1221
222 221 1
2 2222122 11 o
22 2212222 2
20 3 2232222
2

232231123 12
322333212 2 5

dbhsq Predicted Value of ht

Result: If this assumption is not met: the regression line

does not fit the data well; biased estimates of coefficients

and standard errors of the coefficients will occur
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2. The variance of the y values must be the same for
every one of the x values. If not met, the spread around the

line will not be even.

Result: If this assumption is not met, the estimated

coefficients (slopes and intercept) will be unbiased, but the

estimates of the standard deviation of these coefficients will

be biased.

.. we cannot calculate CI nor test the significance of the x
variable. However, estimates of the coefficients of the

regression line and goodness of fit are still unbiased
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3. Each observation (i.e., x; and y;) must be independent of
all other observations. In this case, we produce a different
residual plot, where the residuals are on the y-axis as
before, but the x-axis is the variable that is thought to
produce the dependencies (e.g., time). If not met, this
revised residual plot will show a trend, indicating the

residuals are not independent.

Result: If this assumption is not met, the estimated

coefficients (slopes and intercept) will be unbiased, but the

estimates of the standard deviation of these coefficients will

be biased.
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.. we cannot calculate CI nor test the significance of the x
variable. However, estimates of the coefficients of the

regression line and goodness of fit are still unbiased

Normality Histogram or Plot

A fourth assumption of the SLR is:

4.  The y values must be normally distributed for each of
the x values. A histogram of the errors, and/or a normality

plot can be used to check this, as well as tests of normality

Histogram # Boxplot
10.5+* 1 0
o 1 [
* 2 \
* 2 \
. |
.******* 14 ‘
_************** 27 ‘
Cvrnrrrrnnnnnnennnnnrrrressss 87 e
.~k~k************************ 51 I ‘
rernennernnenserrsnnenerees 00 .
. arrrrennenerrrrnanrrennrreene o8 T
. R
.************** 28 ‘
_************ 24 ‘
P |
; |
.**** 7 ‘
_*** 5 ‘
. 1 0
11.5+%% 3 0
e
HO: data are normal H1: data are not normal

Tests for Normality
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Test --Statistic--- = ----- p vValue------
Shapiro-Wilk w 0.991021 Pr < W 0.0039
Kolmogorov-Smirnov D 0.039181 Pr > D 0.0617
Cramer-von Mises W-Sq 0.19362 Pr > W-Sq 0.0066
Anderson-Darling A-Sq 1.193086 Pr > A-Sq <0.0050

Normal Probability Plot

10.5+

*****

*****

*****

Result: We cannot calculate CI nor test the significance of
the x variable, since we do not know what probabilities to
use. Also, estimated coefficients are no longer equal to the

maximum likelihood solution.

Example:
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Residual

Frequency

Volume versus dbh

Normal Plot of Residuals | Chart of Residuals
4_ []
3 - o
27 =
14 =
07 s
.l .
.2 =
3210 1 2 3 0 5 10 550 20 %
Nomal Score Obsenvation Number
Histogram of Residuals Residuals vs. Fits
10 — H .
01 z
h ;
0_,I_ T T T T T T
2101 2 3 4
Residual

UCL=2.263

X000

L0L=2263
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Measurements and Sampling Assumptions

The remaining assumptions are based on the measurements

and collection of the sampling data.

5. The x values are measured without error (i.e., the x

values are fixed).

This can only be known if the process of collecting the data
is known. For example, if tree diameters are very precisely
measured, there will be little error. If this assumption is not

met, the estimated coefficients (slopes and intercept) and

their variances will be biased, since the x values are

varying.
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6. The y values are randomly selected for value of the x
variables (i.e., for each x value, a list of all possible y

values is made, and some are randomly selected).

For many biological problems, the observations will be
gathered using simple random sampling or systematic

sampling (grid across the land area). This does not strictly

meet this assumption. Also, more complex sampling

design such as multistage sampling (sampling large units
and sampling smaller units within the large units), this

assumption is not met. If the equation is “correct”, then

this does not cause problems. If not, the estimated equation

will be biased.
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Transformations

Common Transformations

3 x" etc. for relationships that look

e Powers x
nonlinear
e logl0, loge also for relationships that look nonlinear,
or when the variances of y are not equal around the
line
e Sin-1 [arcsine] when the dependent variable is a
proportion.
e Rank transformation: for non-normal data
o Sort the y variable
o Assign a rank to each variable from 1 to n
o Transform the rank to normal (e.g., Blom
Transformation)
PROBLEM: loose some of the information in the
original data
e Try to transform x first and leave y; = variable of
interest; however, this is not always possible.

Use graphs to help choose transformations
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Qutliers: Unusual Points

Check for points that are quite different from the others on:
e Graph of y versus x
e Residual plot
Do not delete the point as it MAY BE VALID! Check:
e [s this a measurement error? E.g., a tree height of 100
m is very unlikely
e Is a transcription error? E.g. for adult person, a weight
of 20 1bs was entered rather than 200 Ibs.
¢ Is there something very unusual about this point? e.g.,
a bird has a short beak, because it was damaged.
Try to fix the observation. If it is very different than the
others, or you know there is a measurement error that
cannot be fixed, then delete it and indicate this in your

research report.
On the residual plot, an outlier CAN occur if the model is

not correct — may need a transformation of the variable(s),

or an important variable is missing
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Other methods, than SLR (and Multiple Linear Regression), when

transformations do not work (some covered in FRST 530):

Nonlinear least squares: Least squares solution for nonlinear
models; uses a search algorithm to find estimated coefficients; has
good properties for large datasets; still assumes normality, equal

variances, and independent observations

Weighted least squares: for unequal variances. Estimate the
variances and use these in weighting the least squares fit of the

regression; assumes normality and independent observations

General linear model: used for distributions other than normal

(e.g., binomial, Poisson, etc.), but with no correlation between

observations; uses maximum likelihood

Generalized least Squares and Mixed Models: use maximum

likelihood for fitting models with unequal variances, correlations

over space, correlations over time, but normally distributed errors

General linear mixed models: Allows for unequal variances,

correlations over space and/or time, and non-normal distributions;

uses maximum likelihood
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Measures of Goodness of Fit

How well does the regression fit the sample data?

e For simple linear regression, a graph of the original

data with the fitted line marked on the graph indicates

how well the line fits the data [not possible with MLR]

e Two measures commonly used: coefficient of
determination (r*) and standard error of the

estimate(SEEg).
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To calculate > and SEg first, calculate the SSE (this is

what was minimized):

n n

SSE:Zn:eiz :Z(yi _j}i)z = (yi — (b, -l'blxi))2

i=1 i=1 i=1
The sum of squared differences between the measured and

estimated ’s.

Calculate the sum of squares for y:

ssy=3 (- 7Y =zy—[zyj /n=sf<n—1)

i=1
The sum of squared difference between the measured y and
the mean of y-measures. NOTE: In some texts, this is
called the sum of squares total.

Calculate the sum of squares regression:
SSreg =" (¥ - 3,) =b,SPxy = SSy — SSE

i=1
The sum of squared differences between the mean of y-
measures and the predicted y’s from the fitted equation.
Also, is the sum of squares for y — the sum of squared

€1rors.
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Then:

And:

w2 SSy — SSE SSE  SSreg

SSy SSy  SSy
SSE, SSY are based on y’s used in the equation —
will not be in original units if y was transformed
1* = coefficient of determination; proportion of
variance of y, accounted for by the regression using x
Is the square of the correlation between x and y
O (very poor — horizontal surface representing no
relationship between y and x’s) to 1 (perfect fit —

surface passes through the data)

SE, = /SSE
n—2

SSE is based on »’s used in the equation — will not

be in original units if y was transformed

SEg, - standard error of the estimate; in same units as
y

Under normality of the errors:

o +1 SEg = 68% of sample observations

o 12 SEg = 95% of sample observations

o Want low SEE
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y-variable was transformed: Can calculate estimates of

these for the original y-variable unit, called I* (Fit Index)
and estimated standard error of the estimate (SEg’), in order
to compare to r* and SEg, of other equations where the y
was not transformed.
I’=1-SSE/SSY
e where SSE, SSY are in original units. NOTE must
“back-transform” the predicted y’s to calculate the
SSE in original units.
e Does not have the same properties as r’, however:
o it can be less than 0
o it is not the square of the correlation between the
y (in original units) and the x used in the
equation.
Estimated standard error of the estimate (SEg’) , when the
dependent variable, y, has been transformed:

SE,'= \/SSE(orzgzn;l units)
n —

o SEy’ - standard error of the estimate ; in same units
as original units for the dependent variable

e want low SEg’ [Class example]
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Estimated Variances, Confidence Intervals and Hypothesis

Tests
Testing Whether the Regression is Significant
Does knowledge of x improve the estimate of the mean of y?
Or is it a flat surface, which means we should just use the
mean of y as an estimate of mean y for any x?
SSE/ (n-2):

e (alled the Mean squared error, as would be the average

of the squared error if we divided by n.

¢ Instead, we divide by n-2. Why? The degrees of freedom

are n-2; n observations with two statistics estimated from
these, by and b,

e Under the assumptions of SLR, is an unbiased estimated
of the true variance of the error terms (error variance)

SSR/1:

e (Called the Mean Square Regression

e Degrees of Freedom=1: 1 x-variable

e Under the assumptions of SLR, this is an estimate the
error variance PLUS a term of variance explained by

the regression using x.
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HO: Regression is not significant

H1: Regression is significant

Same as:

HO: B; = 0 [true slope is zero meaning no relationship with
X]

HI1: B; # 0 [slope is positive or negative, not zero|]

This can be tested using an F-test, as it is the ratio of two
variances, or with a t-test since we are only testing one

coefficient (more on this later)

Using an F test statistic:

_ SSreg/l  MSreg
SSE/(n—2) MSE

e Under HO, this follows an F distribution for a 1- a/2
percentile with 1 and n-2 degrees of freedom.

e If the F for the fitted equation is larger than the F from
the table, we reject HO (not likely true). The
regression is significant, in that the true slope is likely

not equal to zero.
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Information for the F-test is often shown as an Analysis of
Variance Table:

Source df SS MS F p-value

Regression ] MSreg=  F= Prob F>
SSreg  SSreg/l  MSreg/MSE Finai.a

Residual n-2 SSE  MSE=
SSE/(n-2)

Total n-1_SSy

[Class example and explanation of the p-value]
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Estimated Standard Errors for the Slope and Intercept
Under the assumptions, we can obtain an unbiased
estimated of the standard errors for the slope and for the
intercept [measure of how these would vary among

different sample sets], using the one set of sample data.

Confidence Intervals for the True Slope and Intercept
Under the assumptions, confidence intervals can be

calculated as:

For B,: b, £ Lajan-2 X S,

For B;: b, + L gppn-a XSy

[class example]
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Hypothesis Tests for the True Slope and Intercept
HO: B, = c [true slope is equal to the constant, c]
H1: B, # c [true slope differs from the constant c]

Test statistic:

Under HO, this is distributed as a t value of t. =t 1.5
Reject H,, if || > te.
e The procedure is similar for testing the true intercept
for a particular value
e [t is possible to do one-sided hypotheses also, where
the alternative is that the true parameter (slope or
intercept) is greater than (or less than) a specified
constant c. MUST be careful with the t. as this is
different.

[class example]
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Confidence Interval for the True Mean of y given a
particular x value
For the mean of all possible y-values given a particular

value of x (Ly|xp):

A

yix, £ Liai—ay X Siix,
where

V|x, =b,+bx,

_ MSE(LMJ

n SSx

Sf’\xh
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Confidence Bands

Plot of the confidence intervals for the mean of y for

several x-values. Will appear as:

20.0

18.0 4
16.0 4
14.0 4
12.0 4
10.0 4
8.0 A
6.0
4.0 1
2.0 A
0.0

5.0

15.0

20.0

25.0

30.0

35.0
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Confidence Interval for 1 or more y-values given a
particular x value

For one possible new y-value given a particular value of x:

y(new) | X * ZLn—2,l—0{/2 X Sj/(new)|xh
Where

Yinew) | x, = by +bx,,

1 (xh -X )2
S P(new)|x = MSE 1 +—4 7
o n SSx

For the average of g new possible y-values given a

particular value of x:
y(new) | X t tn—Z,l—a/Z X Sﬁ(newg)\xh
where

Y(new) | x, = by +bx,

—\
SyA‘(newg)\xh = \/MSE(l + l + MJ

g n SSx

[class example]
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Selecting Among Alternative Models

Process to Fit an Equation using Least Squares

Steps:

1. Sample data are needed, on which the dependent variable
and all explanatory (independent) variables are
measured.

2. Make any transformations that are needed to meet the
most critical assumption: The relationship between y
and x is linear.

Example: volume = 3, + f; dbh® may be linear whereas
volume versus dbh is not. Use y; = volume , x;= dbh?,

3. Fit the equation to minimize the sum of squared error.

4. Check Assumptions. If not met, go back to Step 2.

5. If assumptions are met, then interpret the results.
e s the regression significant?
e What is the *? What is the SEg?

¢ Plot the fitted equation over the plot of y versus x.
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For a number of models, select based on:

1. Meeting assumptions: If an equation does not meet the
assumption of a linear relationship, it is not a candidate
model

2. Compare the fit statistics. Select higher * (or I?), and
lower SEg (or SEg”)

3. Reject any models where the regression is not
significant, since this model is no better than just using
the mean of y as the predicted value.

4. Select a model that is biologically tractable. A simpler
model is generally preferred, unless there are
practical/biological reasons to select the more complex
model

5. Consider the cost of using the model

[class example]
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Simple Linear Regression Example

Temperature, Weight Weight Weight
(X) (y) () (¥)
0 8 6 8
15 12 10 14
30 25 21 24
45 31 33 28
60 44 39 42
75 48 51 44

Observation temp weight

1

(o BN I o) NIV [N OS I O

Et cetera...

0
0
0
15
15
15
30
30

8
6

8
12
10
14
25
21
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60

50

weight
8

weight versus temperature

L2 2

LR X 4

*

L A 2 4

10

20

30 40 50

temperature

60

70

80

Obs. temp weight x-diff x-diff. sq.
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1 0 8 -37.50 1406.25

2 0 6 -37.50 1406.25

3 0 8 -37.50 1406.25

4 15 12 -22.50 506.25
Et cetera

mean 37.5 27.11

SSX=11,812.5 SSY=3,911.8 SPXY=6,705.0

SPxy
b, =
SSx

by =y —b xx

bl: 0.567619
b0: 5.825397

NOTE: calculate bl first, since this is
needed to calculate b0.
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From these, the residuals (errors) for the
equation, and the sum of squared error
(SSE) were calculated:

F=575.06 with p=0.00 (very small)

In excel use: = fdist(x,df1,df2) to obtain a

residual “p-value”
Obs. weight y-pred residual sq.

1 8 5.83 2.17 4.73

2 6 5.83 0.17  0.03 r’: 0.97
3 8 5.83 217  4.73 Root
4 12 1434 234 547 MSE
Et cetera Or
SEg : 2.57
SSE: 105.89

BUT: Before interpreting the ANOVA

And SSR=SSY-SSE=3805.89

ANOVA

Source df SS MS
Model 1 3805.89 3805.89
Error 18-2=16 105.89 6.62

Total 18-1=17 3911.78
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table, Are assumptions met?

80



Normality plot:
residual plot

Obs. sorted Stand. Rel.  Prob.

6.00 z-
40 . resids resids Freq. dist.
o 1 -4.40 -1.71 0.06  0.04
2200{ ¢ ¢« ¢ ! 2 -4.34 -1.69 0.11  0.05
Sl 30337 4131 0.17  0.10
= ¢ 4 234 -0.91 022  0.18
=200 o ! 5 -1.85 -0.72 028 0.4
© 400 . y : 6  -0.88 -0.34 033 037
7 -0.40 -0.15 039  0.44
400 ‘ ‘ ‘ ‘ ‘ 8  -0.37 -0.14 0.44  0.44
000 1000 2000 30.00 40.00 50.00  60.00 9 -0.34 -0.13 0.50 0.45

predicted weight Etc.
Linear?

Equal variance?

Independent observations?
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Probability plot

1.20
1.00 -

ity

<= 0.80 |
o
=0.60 -
(5]
=
= 0.40

£ 0.20
=

abil

r

< 0.00
-2.00

-1.00

0.00 1.00

z-value

2.00

 relative frequency
= Prob. z-dist.
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Questions:

1. Are the assumptions of simple linear
regression met? Evidence?

2. If so, interpret if this is a good equation
based on goodness of it measures.

84



3. Is the regression significant?

For 95% confidence intervals for b0 and b1,
would also need estimated standard errors:

—2 2
5, = |MSE| L+ ] = Je.6ax| L+—3T5 | 1075
: n SSx 18 11812.50

o |MSE _ \/ 6.62
"\ oSSy

=0.0237
11812.50

The t-value for 16 degrees of freedom and
the 0.975 percentile is 2.12 (=tinv(0.05,16)
in EXCEL)
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by 1\ gp20n XSy,

ForBo:  5.8254+2.120x1.075

b Lgjan-a XSy
For f;: 0.568 +£2.120 x0.0237

Est. Coeff St. Error
For bO: 5.825396825 1.074973559
For b1l: 0.567619048 0.023670139

Cl: b0 bl
t(0.975,16) 2.12 2.12
lower 3.54645288 0.517438353
upper 8.104340771 0.617799742

Question: Could the real intercept be equal

to 07
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Given a temperature of 22, what is the
estimated average weight (predicted value)
and a 95% confidence interval for this

estimate?

VIx,=b,+bx,
V1(x, =22)=5.825+0.568x22=18.313

—\2
0= e )
! n SSx

2
S, = \/6.62>< [L+Mj =0.709

18  11812.50

ylx, £ Lo e X S,
18.313-2.12%x0.709 =16.810
18.313+2.12x0.709 =19.816
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Given a temperature of 22, what is the
estimated weight for any new observation,
and a 95% confidence interval for this
estimate?

Vlx, =b, +bx,
y](x, =22)=5.825+0.568x22=18.313

1 (x,-x)
Sii, = MSE| 1+ —+—"—~—
' n SSx

2
S5 = \/6.62>< (1 +L+M] =2.669

18  11812.50

j> | X * ZL;1—2,1—0:/2 X Sj/|xh
18.313-2.12%x2.669 =12.66
18.313+2.12x2.669 =23.97
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If assumptions were not met, we would
have to make some transformations and

start over again!
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SAS code:
* witemp.sas-------===-=-====mmmmm oo ;
options 1s=70 ps=50; run;
DATA regdata; input temp weight; cards;
0 8
0 6
0 8
15 12
15 10
15 14
30 25
30 21
30 24
45 31
45 33
45 28
60 44
60 39
60 42
75 48
75 51
75 44
run;
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DATA regdata2;
set regdata;
tempsq=temp**2;
tempcub=temp**3;
logtemp=log(temp);
run;
Proc plot data=regdata2;
plot weight*(temp tempsq logtemp)="*';
run;
PROC REG data=regdata2 simple;
model weight=temp;
output out=outl p=yhatl r=residl;
run;
PROC PLOT DATA=outl;
plot resid1*yhatl;
run;
PROC univariate data=outl plot normal;
Var residl;
Run;
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SAS outputs:

1) Graphs — which appears more linear?
2) How many observations were there?
3) What is the mean weight?

The REG Procedure

Model: MODEL1
Dependent Variable: weight

Number of Observations Read 18
Number of Observations Used 18

Analysis of Variance

Source DF
Model 1
Error 16

Corr. Total 17

Source
Model
Error
Corrected Total

Root MSE
Dependent Mean
Coeff Var

Sum of Mean

Squares Square F Value

3805.88571 3805.88571 575.06
105.89206 6.61825

3911.77778
F Value Pr > F
575.06 <.0001
2.57260 R-Square 0.9729
27.11111 Adj R-Sqg 0.9712
9.48909
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Parameter Estimates

Parameter
Variable DF Estimate
Intercept 1 5.82540
temp 1 0.56762
Variable t Value
Intercept 5.42
temp 23.98

Standard
Error
1.07497
0.02367

Pr > |t
<.0001
<.0001

t Value
5.42
23.98
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Plot of residl*yhatl.

[l U =T o N SR O B O o)

o

B T N T

s~ o~~~

Legend: A = 1 obs, B = 2 obs,

A
A A
A
A
A A
A
A
A
A
A
14.340 22.854 31.368 39.883

Predicted Value of weight

etc.

48.397
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Test
Shapiro-Wilk

Kolmogorov-Smirnov D

Cramer-von Mises
Anderson-Darling

Tests for Normality

--Statistic--- --p Value---
W 0.94352 Pr<w 0.3325

0.13523 Pr>D >0.1500
W-Sqg 0.061918 Pr>W-Sg >0.2500
A-Sg 0.407571 Pr>A-Sg >0.2500

The UNIVARIATE Procedure
Variable: residl (Residual)

Normal Probability Plot

+*++
++++
xRtk
e
+x 4
* ok ok ok
¥+t
+Ht+*
+H++ *
¥+ *
T e e s e e i Sttt
-2 -1 0 +1 +2
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Multiple Linear Regression (MLR)

Population: y; =)+ fix ;i + fox 2+t B xmite
Sample: Vi=bgt+bix;+byx oyt +b,x, te;

Y, =by+bx,+bx,, +...+b,x e =y Y,

[, 1s the y intercept parameter
L1 P>, s, ... B are slope parameters
X1i X2, X3i... Xmi iIndependent variables
& - 1s the error term or residual
- is the variation in the dependent variable (the y)
which is not accounted for by the independent variables

(the x’s).

For any fitted equation (we have the estimated parameters),
we can get the estimated average for the dependent
variable, for any set of x’s. This will be the “predicted”
value for y, which is the estimated average of y, given the
particular values for the x variables. NOTE: In text by
Neter et al. p=m+1. This is not be confused with the p-

value indicating significance in hypothesis tests.
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For example:

Predicted log10(vol) =-4.2 + 2.1 X log10(dbh) + 1.1 X logl10(height)

where b,=-4.2; bj=2.1 ; b;=1.1 estimated by finding the

least squared error solution.

Using this equation for dbh =30 cm, height=28m,
logten(dbh) =1.48, logten(height) =1.45; logten(vol) =
0.503. .. volume (m®) = 3.184. This represents the
estimated average volume for trees with dbh=30 cm and

height=28 m.

Note: This equation is originally a nonlinear equation:
vol = ax dbh” x ht‘s
Which was transformed to a linear equation using

logarithms:

log10(vol) =log10(a)+ blogl10(dbh) + clog10(ht)+logl0e

And this was fitted using multiple linear regression
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For the observations in the sample data used to fit the

regression, we can also get an estimate of the error (we

have measured volume).

If the measured volume for this tree was 3.000 m>, or 0.477
in log10 units:

error =y, —y, =0.477-0.503 = -0.026
For the fitted equation using log10 units. In original units,
the estimated error is 3.000-3.184=- 0.184
NOTE: This is not simply the antilog of -0.026.
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Finding the Set of Coefficients that Minimizes the Sum of

Squared Errors

e Same process as for SLR: Find the set of coefficients that
results in the minimum SSE, just that there are more
parameters, therefore more partial derivative equations
and more equations

o E.g., with 3 x-variables, there will be 4 coefficients
(intercept plus 3 slopes) so four equations

e For linear models, there will be one unique mathematical
solution.

e For nonlinear models, this is not possible and we must

search to find a solution

Using the criterion of finding the maximum likelihood
(probability) rather than the minimum SSE, we would need to
search for a solution, even for linear models (covered in other

courses, e.g., FRST 530).
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Least Squares Method for MLR:

Find the set of estimated parameters (coefficients) that
minimize sum of squared errors

min(SSE) = min(zn: el)

i=1

:min(zn:( (= (by +bx,, +byxs, 4.t b X m,))zj

i=1

Take partial derivatives with respect to each of the
variables, set them equal to zero and solve.

For three x-variables we obtain:
by =y —bX, —b,X, —b;X,

SPx,y b SPx,x, b SPx,x,

b = 2 3
SSx, SSx, SS8x,
_SPx,y b SPxix, b SPx,x,
2 1 3
SSx, SSx, S8x,
b = SPx;y b SPxx; b, SPx,x,

SSx, | SSx, SSx,
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Where SP= indicates sum of products between two
variables, for example for y with x;:

SPx,y = Z Yi— xlz fl)
i=1
s
= Z YiXi — = — = Sley (n—-1)
i=1 n

And SS indicates sums of squares for one variable, for
example for x;:

SSx, =z X, — X ) qu —_—:Sle (n—-1)

i=1
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Properties of a least squares regression “surface”:

1. Always passes through (X1, X5, X550 X,,, V)

2. Sum of residuals is zero, i.e., Xe;=0

3. SSE the least possible (least squares)

4. The slope for a particular x-variable is AFFECTED
by correlation with other x-variables: CANNOT
interpret the slope for a particular x-variable,
UNLESS it has zero correlation with all other x-
variables (or nearly zero if correlation is estimated
from a sample).

[class example]

Meeting Assumptions of MLR

Once coefficients are obtained, we must check the
assumptions of MLR before we can:
e assess goodness of fit (i.e., how well the regression
line fits the sample data)
e test significance of the regression

e calculate confidence intervals and test hypothesis
For these test to be valid, assumptions of MLR

concerning the observations and the errors (residuals)

must be met.
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Residual Plots

Assumptions of:
1. The relationship between the x’s and y is linear
VERY IMPORTANT!
2. The variances of the y values must be the same for
every combination of the x values.
3. Each observation (i.e., x;’s and y;) must be
independent of all other observations.

can be visually checked by using RESIDUAL PLOTS

A residual plot shows the residual (i.e., y; - ¥;) as the y-axis

and the predicted value ( ;) as the x-axis.

THIS IS THE SAME as for SLR. Look for problems as
with SLR. The effects of failing to meet a particular

assumption are the same as for SLR

What is different? Since there are many x variables, it will

be harder to decide what to do to fix any problems.
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Normality Histogram or Plot

A fourth assumption of the MLR is:
4. They values must be normally distributed for each

combination of x values.

A histogram of the errors, and/or a normality plot can be
used to check this, as well as tests of normality as with
SLR. Failure to meet these assumptions will result in same

problems as with SLR.
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Example: Linear relationship met, equal variance, no
evidence of trend with observation number (independence

may be met). Also, normal distribution met.

Logvol=f(dbh,logdbh)

Linear relationship assumption not met

Residual Model Diagnostics

Volume versus dbh

Normal Plot of Residuals | Chart of Residuals

Normal Plot of Residuals

| Chart of Residuals

Residual
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Variances are not equal

Residual

Frequency

-10
15
20

Volume versus dbh squared and dbh

Normal Plot of Residuals | Chart of Residuals
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Measurements and Sampling Assumptions

The remaining assumptions of MLR are based on the
measurements and collection of the sampling data, as with

SLR

5. The x values are measured without error (i.e., the x

values are fixed).

6. The y values are randomly selected for each given set of
the x variables (i.e., for each fixed set of x values, a list of

all possible y values is made).

As with SLR, often observations will be gathered using
simple random sampling or systematic sampling (grid
across the land area). This does not strictly meet this
assumption [much more difficult to meet with many x-

variables!] If the equation is “correct”, then this does not

cause problems. If not, the estimated equation will be

biased.
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Transformations

e Same as for SLR — except that there are more x
variables; can also add variables e.g. use dbh and dbh®
as x1 and x2.

e Try to transform x’s first and leave y = variable of
interest; not always possible.

e Use graphs to help choose transformations

e Will result in an “iterative” process:

1. Fit the equation

2. Check the assumptions [and check for outliers]

3. Make any transformations based on the residual
plot, and plots of y versus each x

4. Also, check any very unusual points to see if
these are measurement/transcription errors;
ONLY remove the observation if there is a very
good reason to do so

5. Fit the equation again, and check the assumptions

6. Continue until the assumptions are met [or nearly

met]
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Measures of Goodness of Fit

How well does the regression fit the sample data?

e For multiple linear regression, a graph of the the

predicted versus measured y values indicates how well

the line fits the data

e Two measures commonly used: coefficient of

multiple determination (R?) and standard error of the

estimate(SEg), similar to SLR

To calculate R* and SEg first, calculate the SSE (this is

what was minimized, as with SLR):

n

SSE =Y e =3 (y,- )
i=1

i=1

= Zn: (yi —(by +bx,, + byxy, +..b, %, )2
izl

The sum of squared differences between the measured and

estimated y’s. This is the same as for SLR, but there are

more slopes and more x (predictor) variables.
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Calculate the sum of squares for y:

n

SSy=3 (=5 = 2/ —[Zyj/n =5, (1=1)

i=1
The sum of squared difference between the measured y and
the mean of y-measures.

Calculate the sum of squares regression:
SSreg = Z (¥ - 3,) =bSPx,y +b,SPx,y +...+ b,SPx,y
i=1

=SSy - SSE
The sum of squared differences between the mean of y-
measures and the predicted y’s from the fitted equation.
Also, is the sum of squares for y — the sum of squared

€Irors.
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Then: RZZSSJ}_SSEZ]_&ZSS&
SSy SSy SSy
e SSE, SSY are based on y’s used in the equation —
will not be in original units if y was transformed
e R*=coefficient of multiple determination;
proportion of variance of y, accounted for by the
regression using x’s
e O (very poor — horizontal surface representing no
relationship between y and x’s) to 1 (perfect fit —
surface passes through the data)
e SSE falls as m (number of independent variable)
increases, so R? rises as more explanatory

(independent or predictor) variables are added.

A similar measure is called the Adjusted R” value. A
penalty is added as you add x-variables to the equation:

o2y [ n=1 \SSE
¢ n—(m+1))SSy
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And:

SSE
n—-m-—1

SE, =

SSE is based on »’s used in the equation — will not
be in original units if y was transformed

n-m-1 is the degrees of freedom for the error; is the
number of observations minus the number of fitted
coefficients

SEg, - standard error of the estimate; in same units as
y

Under normality of the errors:

o +1 SEg = 68% of sample observations

o 12 SEg = 95% of sample observations

Want low SEg

SEg falls as the number of predictor variables
increases and SSE falls, but then rises, since n-m -1

is getting smaller
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y-variable was transformed: Can calculate estimates of

these for the original y-variable unit, I* (Fit Index) and
estimated standard error of the estimate (SEg’), in order to
compare to R and SEg, of other equations where the y was
not transformed, similar to SLR.
I’=1-SSE/SSY
e where SSE, SSY are in original units. NOTE must
“back-transform” the predicted y’s to calculate the SSE
in original units.
e Does not have the same properties as R, however it can
be less than 0
Estimated standard error of the estimate (SEg’) , when the
dependent variable, y, has been transformed:

SE,'= \/SSE(orzgmal units)
n—-m-1

e SEE’ - standard error of the estimate ; in same units as
original units for the dependent variable

e want low SEE’
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Estimated Variances, Confidence Intervals and Hypothesis

Tests

Testing Whether the Regression is Significant

Does knowledge of x’s improve the estimate of the mean of
»? Or is it a flat surface, which means we should just use
the mean of y as an estimate of mean y for any set of x

values?

SSE/ (n-m-1):
e Mean squared error.
o The degrees of freedom are n-m-1 (same as

n-(m+1)

o n observations with (m+1) statistics estimated
from these: by, b;, b,,... b,
e Under the assumptions of MLR, is an unbiased
estimated of the true variance of the error terms (error

variance)
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SSR/m:
e (Called the Mean Square Regression
e Degrees of Freedom=m: m x-variables
e Under the assumptions of SLR, this is an estimate the
error variance PLUS a term of variance explained by

the regression using x’s.

HO: Regression is not significant
H1: Regression is significant
Same as:
HO: By =B,=P;=...=Pm =0 [all slopes are zero meaning
no relationship with x’s]
HI1: not all slopes =0 [some or all slopes are not equal to
Zero|
If HO is true, then the equation is:
Vvi=Pt+0x;+0x 5 +.+0x, +&
yi=By+é Vi =Py
Where the x-variables have no influence over y; they do not

help to better estimate y.
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As with SLR, we can use an F-test, as it is the ratio of two
variances; unlike SLR we cannot use a t-test since we are
only testing several slope coefficients.

Using an F test statistic:

_ SSreg/m _ MSreg
SSE/(n—-m—1) MSE

e Under HO, this follows an F distribution for a 1- a
percentile with 1 and n-m-1 degrees of freedom.

e If the F for the fitted equation is larger than the F from
the table, we reject HO (not likely true). The regression
is significant, in that one or more of the the true slopes
(the population slopes) are likely not equal to zero.

Information for the F-test in the Analysis of Variance Table:

Source df SS MS F p-value

Regression m MSreg= F= Prob F>
SSreg SSreg/m MSreg/MSE  Finpom-1.1- )

Error n-m-1 SSE MSE= SSE/(n
m-1)

Total n-1 SSy

[See example]
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Estimated Standard Errors for the Slope and Intercept
Under the assumptions, we can obtain an unbiased
estimated of the standard errors for the slope and for the
intercept [measure of how these would vary among

different sample sets], using the one set of sample data.

For multiple linear regression, these are more easily
calculated using matrix algebra. If there are more than 2 x-
variables, the calculations become difficult; we will rely on

statistical packages to do these calculations.
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Confidence Intervals for the True Slope and Intercept Hypothesis Tests for one of the True Slopes or Intercept

Under the assumptions, confidence intervals can be HO: B;= c [the parameter (true intercept or true slope is
calculated as: equal to the constant, ¢, given that the other x-variables are
For B,: by £ Lajan-m-1 X Sp, in the equation]

H1: Bj# c [true intercept or slope differs from the constant

. Xt Xs
ForB 07 Thiapnma XS5, [ f f the sl . . . .
or By / “l [ for any of the slopes] c; given that the other x-variables are in the equation]

[See example] Test statistic:

Under HO, this is distributed as a t value of t. = t,.-1, 1-02-
Reject H, if |t]> te.

e [t is possible to do one-sided hypotheses also, where
the alternative is that the true parameter (slope or
intercept) is greater than (or less than) a specified
constant c. MUST be careful with the t. as this is
different.

[See example]
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The regression is significant, but which x-variables should
we retain?

With MLR, we are particularly interested in which x-
variables to retain. We then test: Is variable x; significant
given the other x variables? e.g. diameter, height - do we

need both?

HO: B; =0, given other x-variables (i.e., variable not

significant)

H1: Bj# 0, given other x-variables.

A t-test for that variable can be used to test this.
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Another test, the partial F-test can be used to test one x-

variable (as t-test) or to test a group of x-variables, given

the other x-variables in the equation.

e Get regression analysis results for all x-variables [full
model]

e Get regression analysis results for all but the x-variables
to be tested [reduced model]

(SSreg( full) — SSreg(reduced ))/ r

partial F =

SSE/(n—m —1)( full)
OR
artial F = (SSE (reduced) — SSE( full))|r

SSE/(n—m —1)(full)
_ (SS due to dropped variable(s))/r
MSE( full)

Where r is the number of x-variables that were dropped
(also equals: (1)the regression degrees of freedom for the
full model minus the regression degrees of freedom for the
reduced model, OR (2) the error degrees of freedom for the
reduced model, minus the error degrees of freedom for the

full model)

124



e Under HO, this follows an F distribution for a 1- a/2
percentile with » and n-m-1 (full model) degrees of
freedom.

e If the F for the fitted equation is larger than the F from
the table, we reject HO (not likely true). The
regression is significant, in that the variable(s) that
were dropped are significant (account for variance of
the y-variable), given that the other x-variables are in

the model.

[See example with the use of class variables, but can be for

any subset of x-variables]
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Confidence Interval for the True Mean of y given a
particular set of x values
For the mean of all possible y-values given a particular

value set of x-values (Ly|Xp):

yix, £ lym—t1-a/2 X S,

where
VX, =by+bx, +bx,, +---+b,x,,
S, = [rom statistical package output
Confidence Bands

Plot of the confidence intervals for the mean of y for

several sets x-values is not possible with MLR
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Confidence Interval for 1 or more y-values given a
particular set of x values
For one possible new y-value given a particular set of x

values:

y(new) | Xh * tn—m—l,l—a/Z X Sj/(new)\x,,
Where

vIx,=b,+bx,, +b,x,, +---+b,x

m” mh

Ssmewpy, — from statistical package output

For the average of g new possible y-values given a
particular value of x:

j}(new) |x, £ lem-t1-a/2 % Si(news)lx,
where

vIx, =b,+bx,, +b,x,, +---+b, x

m” mh

Simeng)s, = from statistical package output

[See example]
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Multiple Linear Regression Example

n=28 stands y=vol/ha (m3)
Basal Top

volume/ha Age Site area/ha Stems height Qdbh
m® years Index m? /ha m cm
559.3 82 146 32.8 1071 224 222
559 107 94 442 3528 17 93
8319 104 128 50.5 1764 215 17
365.7 62 125 29.6 1728 16.4 12.1
454.3 52 14.6 354 2712 189 14.1
486 58 13.9 39.1 3144 175 14
441.6 34 185 36.2 3552 174 138
375.8 35 17 334 4368 156 12.2
451.4 33 191 354 2808 16.8 14.7
419.8 23 234 34.4 3444 173 14
467 33 17.7 42 6096 16.4 122
288.1 33 15 30.3 5712 138 56
306 32 182 274 3816 16.7 125
437.1 68 13.8 33.3 2160 19.1 16.2
633.2 126 114 39.9 1026 21 23.2
707.2 125 13.2 40.1 552 23.3 29.2
203 117 13.7 11 252 221 2538
915.6 112 13.9 48.7 1017 24.2 25
903.5 110 13.9 515 1416 23.2 23
883.4 106 14.7 49.4 1341 243 23.7
586.5 124 128 35.2 2680 22.6 215
500.1 60 184 27.3 528 227 244
343.5 63 14 26.9 1935 176 14.1
478.6 60 15.2 34 2160 194 9.9
652.2 62 15.9 425 1843 205 13.2
644.7 63 16.2 40.4 1431 21 16.1
390.8 57 14.8 304 2616 18.3 13.9
709.8 87 143 423 1116 226 239
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Objective: obtain an equation for estimating volume per ha
from some of the easy to measure variables such as basal
area /ha (only need dbh on each tree), qdbh (need dbh on
each tree and stems/ha), and stems/ha

1000
900
800
700
600
500
400
300
200

100

vol/ha (m3)

volume per haversus basal area per
ha

20 40 60
ba/ha (m2)
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vol/ha (m3)

volume per haversus stems/ha

1000
900
800
700
600
500
400
300
200

100

0 2000 4000 6000 8000

stems/ha

vol/ha (m3)

volume per haversus quadratic mean
dbh

0 0

20 30 40
qdbh (cm)
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Then, we would need: SSY, SSX;, SSX,, SSX;, SPX,Y,
SPX,Y, SPX,5Y, SPX,X,, SPX;X;, SPX,X;, and insert
these into the four equations and solve:

bo = y_bl)_cl _bzycz —b3)_c3

b= SPxy b SPxx, b SPx,x,
LSSy, C oSSy, SSy
SPx,y SPx,x, SPx,x,
b, = -b, - b,
S8x, SS8x, S8x,
SPx,y SPxx, SPx, x,
b, = —-b, -b,
SSx;, SSx, SSx;,

And then check assumptions, make any necessary

transformations, and start over!
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SAS code
* MLR.sas example for 430 and 533 classes;

PROC IMPORT OUT= WORK.voldata
DATAFILE="E:\frst430\lemay\examples\MLR.XLS"
DBMS=EXCEL REPLACE; SHEET="datas$";

GETNAMES=YES; MIXED=NO; SCANTEXT=YES;
USEDATE=YES; SCANTIME=YES;

RUN;

options 1s=70 ps=50;

run;

DATA voldataZ2;

set voldata;

gdbhsg=gqdbh**2;

run;

Proc plot data=voldataZ2;

plot volha* (baha stemsha gdbh)='*"';

run;

PROC REG data=voldata? simple outsscp=sscp;
model volha=baha stemsha gdbh;

output out=outl p=yhatl r=residl;

run;

PROC PLOT DATA=outl;
plot residl*yhatl;
run;

PROC univariate data=outl plot normal;
Var residl;
Run;

PROC PRINT data=sscp;
run,
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SAS Outputs:

1) plots (as per EXCEL plots)
2) Simple statistics

3) Regression results

4) Residual plot

5) Normality tests and plot

6) SSCP (sums of squares and cross products)
The REG Procedure

Number of Observations Read 28
Number of Observations Used 28

Descriptive Statistics

Uncorrected
Variable Sum Mean SS Variance
Intercept 28.00000 1.00000 28.00000 0
baha 1023.60000 36.55714 39443 74.93884
stemsha 65816 2350.57143 213051770 2160984
gdbh 476.80000 17.02857 9084.32000 35.74434
volha 14995 535.53929 9011680 36341

Descriptive Statistics

Standard
Variable Deviation Label
Intercept 0 Intercept
baha 8.65672 baha
stemsha 1470.02848 stemsha
gdbh 5.97866 gdbh
volha 190.63388 volha
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Source DF

Model 3
Error 24
Corr. 27
Total

Root MSE

Analysis of Variance

Sum of Mean
Squares Square F Value Pr > F

954389 318130 284.62 <.0001
26826 1117.73481
981214

33.43254 R-Square 0.9727

Dependent Mean 535.53929 Adj R-Sg 0.9692

Coeff Var

Variable
Intercept
baha
stemsha
gdbh

Variable

Intercept
baha
stemsha
qgdbh

6.24278

Parameter Estimates

Parameter Standard

Label DF Estimate Error
Intercept 1 -198.17649 47.89264
baha 1 18.56615 0.75637
stemsha 1 -0.03124 0.00702
gdbh 1 7.54214 1.73965

Parameter Estimates

t Value Pr > |t

-4.14 0.0004
24.55 <.0001
-4.45 0.0002

4.34 0.0002
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Plot of residl*yhatl.

Legend: A
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Test --Stati
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Questions:

I
n
t s
_ _ e t ,
TN r e v 1. Are the assumptions of MLR met?
Y A c b m q o
O P M e a s d 1
b E E P h h b h
s _ _ t a a h a
1 SSCP Intercept 28.0 1023.60 65816.0 476.80 14995.10
2 SSCP baha 1023.6 39443.24 2399831.7 17612.44 587310.56
3 SSCP stemsha 65816.0 2399831.70 213051770.0 936359.90 31917995.70
4 SSCP gdbh 476.8  17612.44 936359.9  9084.32  271764.15 2.1f they are met, what is the
5 SSCP volha 14995.1 587310.56 31917995.7 271764.15 9011679.63 . . \
6N 28.0 28.00 28.0 28.00 28.00 multiple coefficient of
determination? The Adjusted R
square? How are they different?
What is the root MSE (SEE)? Units?
S
t . . o
e v 3.Is the regression significant?
b m q o
a s d 1 4.1f the equation is significant, are
h h b h \ .
A A h A all of the variables needed, given
the other variables in the equation?
baha 39443.24  2399831.7 17612.44 587310.56
stemsh 2399831.70 213051770.0 936359.90 31917995.70
. Given ms/ha= h=2 m n
qdbh 17612.44  936359.9  9084.32 271764.15 5.Given stems/ha=300, qdbh=20 cm, and
volha  587310.56 31917995.7 271764.15 011679.63 ba/ha=20 m2/ha, what is the

estimated volume per ha? How would
you get a CI for this estimate?
What does it mean?
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Selecting and Comparing Alternative Models

Process to Fit an Equation using Least Squares

Steps (same as for SLR):

3. Sample data are needed, on which the dependent variable
and all explanatory (independent) variables are
measured.

4. Make any transformations that are needed to meet the
most critical assumption: The relationship between y
and x s is linear.

Example: volume = f, + 3, dbh +£, dbh”> may be linear
whereas volume versus dbh is not. Need both variables.

3. Fit the equation to minimize the sum of squared error.

4. Check Assumptions. If not met, go back to Step 2.

5. If assumptions are met, then check if the regression is

significant. If it is not, then it is not a candidate model

(need other x-variables). If yes, then go through further

steps for MLR.
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6. Are all variables needed? If there are x-variables that are
not significant, given the other variables:

e drop the least significant one (highest p-value, lowest F,

or lowest absolute value of t)
o refit the regression and check assumptions.
o if assumptions are met, then repeat steps 5 and 6
continue until all variables in the regression are significant

given the other x-variables also in the model
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Methods to aid in selecting predictor (x) variables

Methods have been developed to help in choosing which x-
variables to include in the equation. These include:

1. R* (or Adjusted R*). The equation is fitted for a
number of combinations of the x-variables to predict y.
The ones with the highest R are reported. CAUTION:
You must check the assumptions of these fitted equations
by fitting the equation with variables given. If assumptions
are NOT met, these are NOT candidate models EVEN with
a high R?. ALSO, consider costs of measuring the x-
variables, significance of the x-variables (given the other

varables) etc. This only gives some ideas of models to try.
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2. Stepwise.

1) The most important variable is added to the model
(highest partial F-value or absolute value of t; has lowest
p-value).

2) Each of the other variables are added; the next most
important variable is added to the model

3) Repeat Step 2)

4) At any time, a variable already entered in, may become
not significant. Drop it, and continue with Step 2.

5) Continue until all variables in the regression are
significant, and the ones that are not in the equation are
not significant, given the ones that are in the equation.

NOTES:

e This just gives candidate models. You must check
whether the assumptions are met and do a full

assessment of the regression results
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3. Backwards Stepwise:

1) All x-variables are added to the model

2) Check to see if variables are not significant given the
other variables in the equation (use partial F-test or t-test)
3) If all x-variables are significant given the other variables,
stop. Otherwise, drop the variable with the lowest partial
F-value (highest p-value)

4) Repeat step 2, until all variables in the equation are
significant, given the other variables that are in the equation
NOTES:

e This again just gives candidate models. You must
check whether the assumptions are met and do a full
assessment of the regression results

e Unlike “stepwise”, once a variable is dropped, it
cannot come back in, even if it might be significant
with a different set of x-variables than when it was

dropped.
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4. Forward Stepwise: This is the same as Stepwise,
EXCEPT, that once a x-variable is added to the model, it is
not removed, even if it becomes non-significant at a
particular step in the process.
NOTES:
e This again just gives candidate models. You must
check whether the assumptions are met and do a full
assessment of the regression results

[See example]
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Steps for Forward Stepwise, for example:

To fit this “by hand”, you would need to do the following
steps:

1.

2.

Fit a simple linear regression for vol/ha with each of
the explanatory (x) variables.

Of the equations that are significant (assumptions
met?), select the one with the highest F-value.

. Fit a MLR with vol/ha using the selected variable, plus

each of the explanatory variables (2 x-variables in
each equations). Check to see if the “new” variable is
significant given the original variable (which may now
be not significant, but forward stepwise does not drop
variables). Of the ones that are significant (given the
original variable is also in the equation), pick the one
with the largest partial-F (for the new variable).

. Repeat step 3, bringing in varables until i) there are no

more variables or ii) the remaining variables are not
significant given the other variables.
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SAS code
*MLR_stepwise.sas example for 430 and
533 classes ;

* NOTE: Must run a full regression on
your selected models once after using
these tools to help you choose a few
candidates;

PROC IMPORT OUT= WORK.voldata
DATAFILE=
"E:\frst430\lemay\examples\MLR.XLS"
DBMS=EXCEL REPLACE;
SHEET="datas$";
GETNAMES=YES; MIXED=NO;
SCANTEXT=YES; USEDATE=YES;
SCANTIME=YES;
RUN;
options 1s=70 ps=50 pageno=1;
run;

title 'forward stepwise';

PROC REG data=voldata simple;

model volha=baha stemsha gdbh age si
topht/selection=forward;

output out=outl p=yhatl r=residl;
run;
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* keep First 3 variables, then forward
stepwise;
title '"first 3 then forward';

PROC REG data=voldata;

forward3: model volha=baha stemsha
gdbh age si topht/selection=forward
include=3;

output out=out2 p=yhat2 r=resid2;
run;

* backward stepwise;

title 'backward';

PROC REG data=voldata;

model volha=baha stemsha gdbh age si
topht/selection=backward;

output out=out3 p=yhat3 r=resid3;
run;

* stepwise —bring variables iIn or out;
title 'stepwise - can bring variables
in or out';

PROC REG data=voldata;

model volha=baha stemsha gdbh age si
topht/selection=stepwise;

output out=outd4d p=vyhatd4d r=resid4;
run;
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* use rsquare to get a number of
regressions ;

title 'rsquare';

PROC REG data=voldata;

model volha=baha stemsha gdbh age si
topht/selection=rsquare;

run;
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SAS

Outputs:

forward stepwise

The REG Procedure

iptive

an

00000
55714
57143
02857
42857
10357
62857
53929

Number of Observations Read
Number of Observations Used

28
28
Statistics
Uncorrected
SS
28.00000 0
39443 74.93884
213051770 2160984
9084.32000 5.74434
176972 4.32804
6594.19000 7.66258
11022 8.66878
9011680 36341

Descriptive Statistics

Descr
Variable Sum Me
Variance
Intercept 28.00000 1.
baha 1023.60000 36.
stemsha 65816 2350.
gdbh 476.80000 17.
age 2028.00000 72.
si 422.90000 15.
topht 549.60000 19.
volha 14995 535.
Standard
Variable Deviation
Intercept 0
baha 8.65672
stemsha 1470.02848
gdbh 5.97866
age 33.38155
si 2.76814
topht 2.94428
volha 190.63388

Label
Intercept

bah

a

stemsha
gdbh

age
si

topht
volha
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The REG Proce
Model: MODE
Dependent Variable:

dure
L1
volha volha

Number of Observations Read

Number of Observations U
Forward Selection

Variable baha Entered: R-Square
387.3512

Analysis of Varia
Sum of Mean
Source DF Squares Squar
Model 1 756843 7568
Error 26 224372 8629.690
Corrected
Total 27 981214

Parameter Standard T

Variable Estimate Error
Intercept -171.49367 77.51211 4
baha 19.34049 2.06520 75

Bounds on condition number:

sed

: Step 1

28
28

= 0.7713 and C(p) =

nce

e F Value
43 87.70
76

ype II F
SS Value
2243 4.90
6843 87.70

1, 1

Pr > F

<.0001

Pr>F
.0359
<.0001

150



Forward Selection: Step 2

Variable topht Entered: R-Square = 0.9852 and C(p)

= 4.5439

Analysis of Variance

Sum of Mean
Source DF Squares Square F Value Pr > F
Model 2 966736 483368 834.64 <.0001
Error 25 14478 579.13628
Corrected
Total 27 981214
Parameter Standard Type F

Variable Estimate Error IT SS Value Pr> F

Intercept -663.29189 32.71936 238002
baha 15.73874 0.56747 445489
topht 31.76327 1.66846 209894

410.9 <.0001
769.23 <.0001
362.43 <.0001

Bounds on condition number: 1.1251, 4.5002
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Forward Selection: Step 3

Variable stemsha Entered: R-Square = 0.9879 and
C(p) = 1.6949

Analysis of Variance

Sum of Mean
Source DF Squares Square F Value Pr > F
Model 3 969381 323127 655.35 <.0001
Error 24 11834 493.06283

Corrected
Total 27 981214

Parameter Standard Type
Variable Estimate Error II SS F Value Pr> F
Intercept-537.86686 62.00085 37107 75.26 <.0001
baha 16.37897 0.59209 377309 765.24 <.0001
stemsha -0.01319 0.00569 2644.90 5.36 0.0294
topht 25.76009 3.01468 36001 73.02 <.0001

Bounds on condition number: 4.3142, 28.766

No other variable met the 0.5000 significance level
for entry into the model.
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Summary of Forward Selection

Step Number Partial Model

Vars In R-Square R-Square C(p)
1 baha 1 0.7713 0.7713 387.351
2  topht 2 0.2139 0.9852 4.5439
3 stemsha 3 0.0027 0.9879 1.6949

Summary of Forward Selection

Step Pr > F

1 <.0001
2 <.0001
3 0.0294

F Value
87.70
362.43
5.36
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Number in
Model

rsquare

The REG Procedure
Model: MODELL
Dependent Variable: volha
R-Square Selection Method

Number of Observations Read 28
Number of Observations Used 28

R-Square Variables in Model

(@}

L7713 baha

.5312 topht
.3624 age
.2847 gdbh
.1936 stemsha
.0833 si

.9883 baha stemsha age si topht
.9881 baha stemsha gdbh si topht
.9880 baha stemsha gdbh age topht
. 9854 baha gdbh age si topht
.9764 baha stemsha gdbh age si
.6568 stemsha gdbh age si topht

. 9883 baha stemsha gdbh age si topht
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Questions:

1. What was the final equation for each of the types of
stepwise (or R square) methods?

2. Which equations would you choose to fit based on
these tools to select variables? (full regression output
would be needed in order examination of the residual
plot and normality plot, R* and SEg, significance of
the regression, significance of the variables,
cost/biology of the model)
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For a number of models, select based on:

. Meeting assumptions: If an equation does not meet

the assumption of a linear relationship, it is not a

candidate model

. Compare the fit statistics. Select higher R (or I?), and

lower SEg (or SEg’)

. Reject any models where the regression is not

significant, since this model is no better than just using

the mean of y as the predicted value.

. Select a model that is biologically tractable. A simpler

model is generally preferred, unless there are
practical/biological reasons to select the more complex

model

. Consider the cost of using the model
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Adding class variables as predictors

(class variables as the dependent variable — covered in FRST 530;
under generalized linear model — see also Chapter 14 in the
textbook).

Want to add a class variable. Examples:

1. Add species to an equation to estimate tree height.

2. Add gender (male/female) to an equation to estimate
weight of adult tailed frogs.

3. Add machine type to an equation that predicts lumber
output.
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How is this done?
e Use “dummy” or “indicator variables to represent
the class variable

e.g. have 3 species. Set up X1 and X2 as dummy

variables:

Species X1 X2
Cedar 1 0
Hemlock 0 1
Douglas fir 0 0

o Only need two dummy variables to
represent the three species.
o The two dummy variables as a group
represent the species.
¢ Add the dummy variables to the equation - this

will alter the intercept
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e To alter the slopes, add an interaction between How does this work?

dummy variables and continuous variable(s) y, = bo + bl X, + b2 X, + b3 Xyt b4 X, + bs Xs; + €
e.g. have 3 species, and a continuous variable, ) dummy variables C e jinteractions ’
dbh
Species X1 X2 X3=dbh X4=X1* dbh
X5=X2*dbh For Cedar (CW):
Cedar 1 0 10 10 0
Hemlock 0 1 22 0 22
Douglas For Hemlock (HW):
fir 0 0 15 0 0

NOTE: There would be more than one line of data
(sample) for each species. For Douglas fir (FD):
o The two dummy variables, and the
interactions with the continuous variable as

a group represent the species.
Therefore: fit one equation using all data, but get

different equations for different species. Also, can test

for differences among species, using a partial-F test.

159 160



* class variables.sas —-—-—-——-—-—-—---—- H
options 1s=70 ps=50 pageno=1;

PROC IMPORT OUT= WORK.trees
DATAFILE=
"E:\frst430\lemay\examples\diversity plots.xls"

DBMS=EXCEL REPLACE;
SHEET="Datas$";
GETNAMES=YES;
MIXED=NO;
SCANTEXT=YES;
USEDATE=YES;
SCANTIME=YES;

RUN;

data trees2;
set trees;
if (tree cls eq 'D') then delete;
if ((species ne 'FD') and (species ne 'CW') and
(species ne 'HW')) then delete;

* two dummies for 3 species;

x1=0;

x2=0;

if species eq 'CW ' then x1=1;

if species eq 'HW' then x2=1;

* all dummies are zero for Douglas-fir;

x3=10gl0 (dbh) ;
x4=dbh;
y=log (ht);

x5=x1*x3;
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X6=X2*x3;

xT=x1*x4;

xX8=x2*x4;

run;

proc sort data=trees2?;
by species;

run;

proc plot data=trees2;
plot ht*dbh=species;
run;

proc plot data=trees2;
plot ht*dbh=species;
by species;

run;

* full model with intercept and slope
varying by species;
proc reg;

Full: model y=x1-x8;

output out=outl p=yhatl r=residl;
run;

PROC PLOT DATA=outl;
plot residl*yhatl=species;
run;

PROC univariate data=outl plot;

Var residl;
Run;
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* reduced model with one common equation

regardless of species;
proc reg;
Common: model y=x3 x4;

output out=out2 p=yhat2 r=resid?2;

run;

PROC PLOT DATA=out2;
plot resid2*yhat2=species;
run;

PROC univariate data=out2 plot;

Var resid?2;
Run;

* reduced model with common slopes for all

species, but different intercepts;

proc reg;
INTONLY :model y=x1-x4;

output out=out3 p=yhat3 r=resid3;

run;

proc plot data=out3;
plot resid3*yhat3=species;
run;

PROC univariate data=out3 plot;

Var resid3;
Run;
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Plot of ht*dbh. Symbol is value of species.
,
,
70 °
,
,
F
’ F
,
60 ~ FF F F
F
,
, F F FF F
F
y F F F F F FF
’ HHHHHHH HH H F F FF
50 © H HHHHHHHHH HH FF C
’ HHHHHHHHHHH HH H HF
’ H HHHHHHH HFCH FF
, HH HHHHHHHCFHHFHC FHFFCF F F C
’ HHHH HH H HFFHCFHH FFFCFC C C
40 © HHHH HHH HHHHCFFFFFF C FC F
h ’ H HHHHHHH FFFFFFFCFFFH FF CCC C
t , HHHHHHHFF CFHCCFFFFCCH F HHC C C C
, HHHHH FCFFFCCFFCHCCFFFCH CCcCC
, HHHHHFCCCFCFCCFCCCCCCCCCC C
30 © HHHHHHHHHCHCFEFCCCFCCCCEFE CC
, HHHH HCHCCFCCCCCCCCCCCF C
, HHHHHEF CCCCCCCCCC CcC cCC F
, HHHHHFCCFCCCCCCCCCC
’ HHHCCCCCCCCCCC C
20 © HCHFCCCCCFC C
, HHHCFCCCC C F C
’ HHFCCCCC HC FFH
, HHFCCCCCFCF
, HFCCCCC C
10 ©~ HFCCCC C
, FCCC F
, FCCCH C
, CCF F
, CC
0 -
,
[ ——— R [ [ [ [ S
0.0 26.1 52.2 78.3 104.4 130.5
156.6 182.7
dbh
NOTE: 1284 obs hidden.
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Plot of ht*dbh.
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obs hidden.

Symbol is value of species.
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Plot of ht*dbh. Symbol is value of species.
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The REG Procedure

Dependent Variable:

Model

Number of Observations Read
Number of Observations Used

Source DF
Model 8
Error 1716
Corrected
Total 1724

Root MSE
Dependent Mean
Coeff Var

Variable DF
It

Intercept 1
x1 1
x2 1
x3 1
x4 1
x5 1
x6 1
x7 1
x8 1

Analysis of Variance

Sum of
Squares

688.
115.

804

w o

80495
91051

.71546

.25990
.09332
.40191

Parameter Estimates

Parameter Standard
Estimate

-0
-0

-0

-0
-0

.52420
.37609
.37207
.80625
.00239
.29106
.98797
.00524
.02160

Er

0.
0.

0.0

: Full
y
1725
1725
Mean
Square F Value
86.10062 1274.68
0.06755

R-Square 0.8560

Adj R-Sg 0.8553
ror t Value
05782 9.07
09275 -4.05
0.08463 -4.40
0.05491 32.89
0070334 -3.40
0.08800 3.31
0.08989 10.99
0.00117 -4.46
0.00158 -13.67

Pr

<.

ANANANOOAANANNA

> F

0001

.0001
.0001
.0001
.0001
.0007
.0010
.0001
.0001
.0001
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The REG Procedure
Model : Common
Dependent Variable: y

Number of Observations Read 1725
Number of Observations Used 1725

Analysis of Variance

Sum of Mean

Source DF Squares Square F Value Pr > F
Model 2 606.66176 303.33088 2637.34 <.0001
Error 1722 198.05370 0.11501

Corrected

Total 1724 804.71546
Root MSE 0.33914 R-Square 0.7539
Dependent Mean 3.09332 Adj R-Sqg 0.7536
Coeff Var 10.96352
Parameter Estimates
Parameter Standard

Variable DF Estimate Error t Value Pr > |t]|
Intercept 1 0.45235 0.04517 10.01 <.0001
x3 1 2.05848 0.04409 46.69 <.0001
x4 1 -0.00825 0.00064234 -12.84 <.0001
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sSummary:

Assumptions met?

Full:
Common :
Intercept Only:

R Square and SE”

Full:
Common:
Intercept Only:

Df, SSR, SSE:

Model df SSR df SSE
model error

Full

Common

Int. Only
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Full versus Common
HO: Equations are the same for all

species
Hl: ©Equations differ

Partial F:

(SSreg( full) — SSreg (reduced ))/ r

partial I = SSE/(n—m —1)(fudl)

Compare to:

F distribution for a 1- a percentile with » and n-m-1 (full

model) degrees of freedom.

Decision:
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If equations differ - could we use the
same slope, just different intercepts?

Full versus Intercepts only models
HO: Slopes are the same for all
species

Hl: Slopes differ

Partial F:

Compare to:

Decision:
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Modifications: . .
Experimental Design

More than 3 species: ) )
Sampling versus experiments

¢ similar to sampling and inventory design in that

information about forest variables is gathered and
More than 1 continuous variable: analyzed

e experiments presuppose intervention through applying a
treatment (an action or absence of an action) to a unit,
called the experimental unit. The experimental unit is an
item on which the treatment is applied.

e The goal is to obtain results that indicate cause and

effect.
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Definitions of terms and examples

For each experimental unit, measures of the variables of
interest (i.e., response or dependent variables) are used
to indicate treatment impacts.

Treatments are randomly assigned to the experimental
units.

Replication is the observation of two or more
experimental units under identical experimental
conditions.

A factor is a grouping of related treatments.
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Examples:

1. 1,000 seedlings in a field. Half of the seedlings get a

“tea bag” of nutrients, others do not, randomly assigned.
Experimental unit: the seedling.

Treatments are: no tea bag, and tea bag.

Factor: only one — fertilizer (none, tea bag)

Replications: 500 seedlings get each treatment

. 300 plant pots in a greenhouse: Each plant gets either 1)

standard genetic stock; 2) genetic stock from another
location; 3) improved genetic stock.

Treatments:

Experimental Unit:

Factor(s):

Replications:
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3. The number of tailed frogs in different forest types is of

interest. There are six areas. Three are cut and the other
three are not cut.
Treatments:
Experimental Unit:
Factor(s):
Replications:
. Two forest types are identified, Coastal western
hemlock and interior Douglas fir. For each, a number of
samples are located, and the growth of each tree in each
sample is measured.

Treatments:

Experimental Unit:

Factor(s):

Replications:
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5. The effect of animal browsing on herbaceous plants is
of interest. In each of two forest types, 10 areas are
established at the beginning of the year. Five out of the
10 are fenced off, eliminating animal browsing. The rest
are marked but left open to animals. The heights and
coverages of plants are measured at the end of the year.

Treatments:

Experimental Unit:

Factor(s):

Replications:

Randomization?
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What is treatments are randomly assigned to experimental

units?

e Haphazard vs. random allocation

e Practical problems and implications

Other terms:

e The null hypothesis is that there are no differences
among the treatment means. For more than one factor,
there is more than one hypothesis

e The sum of squared differences (termed, sum of squares)
between the average for the response variable by
treatment versus the average over all experimental units
represents the variation attributed to a factor.

e The degrees of freedom, associated with a factor, are the

number of treatment levels within the factor minus one.
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Example:
Factor A, fertilizer: none, medium, heavy (3 levels)
Factor B, species: spruce, pine (2 levels)
Number of possible treatments: 6 e..g, spruce, none is one
treatment.
Experimental Unit: 0.001 ha plots
Replicates planned: 2 per treatment (cost constraint). How
many experimental units do we need?
Variable of interest: Average 5-year height growth for trees in
the plot
Null hypotheses:
There is no different between the 6 treatments. This can be
broken into:
1) There is no interaction between species and fertilizer.
2) There is no difference between species.

3) There is no difference between fertilizers.
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Experimental error is the measure of variance due to
chance causes, among experimental units that received
the same treatment.

The degrees of freedom for the experimental error relate
to the number of experimental units and the number of
treatment levels.

The impacts of treatments on the response variables will
be detectable only if the impacts are measurably larger
than the variance due to chance causes.

To reduce the variability due to causes other than those
manipulated by the experimenter, relatively homogenous

experimental units are carefully selected.
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e Random allocation of a treatment to an experimental unit
helps insure that the measured results are due to the
treatment, and not to another cause.

Example: if we have applied the no fertilizer treatment to

experimental units on north facing sites, whereas moderate

and heavy fertilizer treatments are applied only to south

facing sites, we would not know if differences in average
height growth were due to the application of fertilization,
the orientation of the sites, or both. The results would be

confounded and very difficult to interpret.
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Variations in experimental design

Introduction of More Than One Factor:

¢ Interested in the interaction among factors, and the effect
of each factor.

e A treatment represents a particular combination of levels
from each of the factors.

e When all factor levels of one factor are given for all
levels of each of the other factors, this is a crossed
experiment. Example: two species and three fertilization

levels = six treatments using a crossed experiment.

183

Fixed, Random, or Mixed Effects:

o Fixed factors: the experimenter would like to know the

change that is due to the particular treatments applied;
only interested in the treatment levels that are in the
experiment (e.g., difference in growth between two
particular genetic stocks) [fixed effects]

Random factors: the variance due to the factor is of
interest, not particular levels (e.g., variance due to
different genetic stocks—randomly select different stock
to use as the treatment) [random effects]

Mixture of factor types: Commonly, experiments in
forestry include a mixture of factors, some random and

some fixed [mixed effect].
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Restricted Randomization Through Blocking: Randomized
Block (RCB), Latin Square, and Incomplete Blocks
Designs:

e Randomize treatments with blocks of experimental units
e Reduces the variance by taking away variance due to the
item used in blocking (e.g., high, medium and low site

productivity
e Results in more homogeneous experimental units within

each block.
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Restricted Randomization Through Splitting Experimental

Units:

e (Called “split plot”

e An experimental unit is split. Another factor is randomly
applied to the split.

Example: The factor fertilizer is applied to 0.001 ha plots.

Each of the 0.001 ha plot is then split into two, and two

different species are planted in each. Fertilizer is applied to

the whole plot, and species is applied to the split plot.

Species is therefore randomly assigned to the split plot, not

to the whole experimental unit.
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Nesting of Factors

e Treatment levels for one factor may be particular to the
level of another factor, resulting in nesting of treatments.

Example, for the first level of fertilizer, we might use

medium and heavy thinning, whereas, for the second level

of fertilizer, we might use no thinning and light thinning.
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Hierarchical Designs and Sub-Sampling:

e Commonly in forestry experiments, the experimental
unit represents a group of items that we measure. E.g.
several pots in a greenhouse, each with several plants
germinating from seeds.

e Treatments are randomly assigned to the larger unit (e.g,
to each plot not to each seedling). The experimental unit
is the larger sized unit.

e May want variance due to the experimental unit (pots in
the example) and to units within (plants in the example).
These are 1) nested in the treatment; 2) random effects;
and 3) hierarchical

e A common variation on hierarchical designs is
measuring a sample of items, instead of measuring all

items in an experimental unit.
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Introduction of Covariates Designs in use

¢ The most simple design is one fixed-effects factor, with
e The initial conditions for an experiment may not be the
random allocation of treatments to each experimental
same for all experimental units, even if blocking is used
unit, with no 1) blocking; 2) sub-sampling; 4) splits; or
to group the units.
5) covariates
¢ Site measures such as soil moisture and temperature, and
e Most designs use combinations of the different
starting conditions for individuals such as starting height,
variations. For example, one fixed-effects factor, one
are then measured (called covariates) along with the
mixed-effects factor, blocked into three sites, with trees
response variable
measured within plots within experimental units (sub-
e These covariates are used to reduce the experimental
sampling/hierarchical), and measures taken at the
error.
beginning of the experiment are used as covariates (e.g.,
e Covariates are usually interval or ratio scale
initial heights of trees.
(continuous).
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Why?

e Want to look at interactions among factors and/or is
cheaper to use more than one factor in one experiment
than do two experiments.

e Experiments and measurements are expensive — use
sampling within experimental units to reduce costs

¢ Finding homogeneous units is quite difficult: blocking is
needed

BUT can end up with problems:
e some elements are not measured,
e random allocation is not possible, or
e measures are correlated in time and/or space.

In this course, start with the simple designs and add
complexity.
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Main guestions in experiments

Do the treatments affect the variable of interest?

For fixed effects: Is there a different between the treatment

means of the variable of interest? Which means differ?
What are the means by treatment and confidence intervals
on these means?

For random effects: Do the treatments account for some of

the variance of the variables of interest? How much?
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Completely Randomized Design (CRD)
e Homogeneous experimental units are located

Treatments are randomly assigned to treatment units

No blocking is used
e We measure a variable of interest for each

experimental unit

CRD: One Factor Experiment, Fixed Effects
REF: Ch. 16, 17, 18 of Neter et al.

Main questions of interest

Are the treatment means different?
Which means are different?
What are the estimated means and confidence intervals for

these estimates?
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Notation:

Population: V; =HTT;+&; ORV; =H; +&;

Yij = response variable measured on experimental unit i
and treatment j

Jj=1 to J treatments

M = the grand or overall mean regardless of treatment

H; = the mean of all measures possible for treatment j

7, = the difference between the overall mean of all

measures possible from all treatments and the mean of all
possible measures for treatment j, called the treatment

effect

€; = the difference between a particular measure for an
experimental unit 7, and the mean for the treatment ; that
was applied to it

€y =Yy —H
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For the experiment:
Vi = Ve +7,+te€;, OR YV :.)_}oj+€ij

Y..= the grand or overall mean of all measures from the
experiment regardless of treatment; under the assumptions
for the error terms, this will be an unbiased estimate of 4

Y.; = the mean of all measures for treatment j; under the
assumptions for the error terms, this will be an unbiased

estimate of #;

7 ; = the difference between the mean of experiment

measures for treatment j and the overall mean of measures
from all treatments; under the error term assumptions, will

be an unbiased estimate of 7;

¢; = the difference between a particular measure for an

experimental unit 7, and the mean for the treatment ; that
was applied to it

€; =)y~ Y. j
n;= the number of experimental units measured in
treatment j

nr=the number of experimental units measured over all

J
treatments = Z”/
=
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Example: Fertilization Trial

A forester would like to test whether different site
preparation methods result in difference in heights. Fifteen
areas each 0.02 ha in size are laid our over a fairly
homogeneous area. Five site preparation treatments are
randomly applied to 25 plots. One hundred trees are
planted (same genetic stock and same age) in each area. At
the end of 5 years, the heights of seedlings in each plot
were measured, and averaged for the plot.

i = a particular 0.02 ha area in treatment j, from 1 to 5.

Response variable Vi : 5-year height growth (one average
for each experimental unit)

Number of treatments: J=5 site preparation methods

nr = the number of experimental units measured over all

5
treatments = Z”f =25

J=1

n; = n, =n3; =ny =n; =5 experimental units measured each
treatment
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Schematic of Layout:

3 4 4 5 1
1 2 3 5 2
2 1 2 4 2
5 4 3 1 5
4 3 1 5 3

Data Organization and Preliminary Calculations

For easy calculations by hand, the data could be organized
in a spreadsheet as:

Obs:
i Treatment, j=1 to J

i=lton; [1 [2 [3 [...[J

1 yu | Viz | Vi3 Y

2 Yar |V (Va3 | (Y

3 Vi1 (V2 | V33| .. Vis

n Vi V2 Vn3 ynJ
Sum Va (Y2 Y3 .. |y V.
AVeI‘ageS .)_}ol J_}QZ )7.3 y'J .)_}oo

— nj —_ _y.] _ J nj _ _y..
y-j_zyij Yej = " y,,—ZZyij y"_n_
i=1 r

Jj i=l i=1

NOTE: may not be the same number of observations
for each treatment.
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Example:

J=5 site preparation treatments randomly applied to n=25
plots.

Response Variable: Plot average seedling height after 5
years

Plot Average Heights (m)

Treatments Overall

Observation 1 2 3 4 5

1 4.6 4.9 4.0 3.4 4.3

2 4.3 4.3 3.7 4.0 3.7

3 3.7 4.0 3.4 3.0 3.7

4 4.0 4.6 3.7 3.7 3.0

5 4.0 4.3 3.0 3.4 3.4
SUMS 20.600 22.100 17.800 17.500 18.100 96.100
Means 4,120 4.420 3.560 3.500 3.620 3.844
n 5 5 5 5 5 25

Example Calculations:

Z%j
*l=%:(4.6+4.3+3.7+4.0+4.3)/5:4.12
5 n
22
Yo = =(20.6+22.1...17.8 +17.5) = 96.1/25 = 3.844
Z”f
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We then calculate:
1) Sum of squared differences between the observed values

and the overall mean (SSy):

J N J
ssy=22 0, = f df=2m -1

j=1 i=1

Also called, sum of squares total (same as in regression)
2) Sum of squared differences between the treatment
means, and the grand mean, weighted by the number of

experimental units in each treatment (SS7z)

2

SSpy = ZZ(y, ) in,( —3.) df=J-1

j=l i=1 Jj=1

3) Sum of squared differences between the observed values
for each experimental unit and the treatment means (SSE)

SSE:ZJ:Z/:(J’U_)_’-A/)Z df =n; -

j=1 =l

SSy = SS,, + SSE
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Alternative formulae for the sums of squares that may
be easier to calculate are:

SSy Zzylj yu

j=1 i=1

S8 = Z” y.] y“

T

SSE = SSy —SS,,
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For the example, differences from treatment means (m):

Treatments Overall
bs. 1 2 3 4 5

Differences from grand mean (m)

0.480 0.480 0.440 -0.100 0.680
0.180 -0.120 0.140 0.500 0.080
-0.420 -0.420 -0.160 -0.500 0.080
-0.120 0.180 0.140 0.200 -0.620
-0.120 -0.120 -0.560 -0.100 -0.220

aswN RO

SUMS 0.000 0.000 0.000 0.000 0.000 0.000
Sum of

Squares

Error 0.468 0.468 0.572 0.560 0.908 2.976
n-£ 5 5 5 5 5 25
S5 0.117 0.117 0.143 0.140 0.227

Treatments Overall
Obs. 1 2 3 4 5
1 0.756 1.056 0.156 -0.444 0.456
2 0.456 0.456 -0.144 0.156 -0.144
3 -0.144 0.156 -0.444 -0.844 -0.144
4 0.156 0.756 -0.144 -0.144 -0.844
5 0.156 0.456 -0.844 -0.444 -0.444
SUMS 1.380 2.880 -1.420 -1.720 -1.120 0.000
Sum of
Squares
Total 0.849 2.127 0.975 1.152 1.159 6.262
n; 5 5 5 5 5 25

Example Calculations:

SSE for treatment 1= i(y” =V )2

J=1

= (4.6-4.1)> +(4.3-4.1)> +(3.7-4.1)* + (4.0—4.1)> + (4.0 - 4.1)> = 0.468

» _ SSE for treatment1 _ 0.468

sh = = =0.117
n, —1 5-1

L 2
SSE:ZZ(M —?,,)

j=1 =1
= SSE for treatment 1 + SSE for treatment 2 + ...+ SSE for treatment 5
=0.468+0.468+0.572 +0.560 + 0.908 = 2.976
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L & 2
SSy =ZZ()’:/ _)7..)

j=1 i=1

= SSy for treatment 1+ SSy for treatment 2 + ...+ SSy for treatment

=0.849 +02.127 + 0975 +1.152 +1.159 =6.262
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Difference between treatment means and grand mean (m)

Treatments Overall
1 2 3 4 5
Mean 4120 4.420 3.560 3.500 3.620

Difference  0.276
Sum of

Squares
Treatment  0.076
N; 5

0.576 -0.284 -0.344 -0.224  0.000

0.332 0.081 0.118 0.050 3.286
5 5 5 5 25

Example Calculations:

SS,, = zjln,,(y. =3 = (5% (4.120-3.844)* )+ (5 (4.420 - 3.844) )

J=1

+(5% (3.560 — 3.844) )+ (5% (3.500 — 3.844)” )+ (5x (3.620 — 3.844)? )

=3.286
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Test for differences among treatment means

The first main question is: Are the treatment means
different?

Hypn=po=...=
H,: not all the same
OR:
Hy: 7, =7,="=7,
H;: not all equal to 0
OR:

Hy: (¢TR+02s) /o% =1
Hi: (¢TR+02€)/02€> 1

Where o is the variance of the error terms;

¢7r s the effect of the fixed treatments (see page 234 for

more details on what this is).

If the treatment does not account for any of the variance in

the response variable, then treatment effects are likely all =

0, and all the treatment means are likely all the same.
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Using an analysis of variance table:

Source df SS MS F p-value
Treatment J-1 SSm  MSrpp= F= Prob F>
SSTR/(J-]) MSTR/MSE F(J—l),( nT-J),
(1-a)

Error nr-J SSE  MSE=
SSE/(nr-J)

Total nr-1 SSy

SSp /(T =1  SS,/(J—1) MSy,

F= - =
SSE/S (1, -1 SSE/(n, —J) MSE
j=1

Under Hy, and the assumptions of analysis of variance, this
follows an F-distribution. If

F>F

(J-Lnp—J ,1-ax)

We reject Hy and conclude that there is a difference
between the treatment means.

Notice that this is a one-sided test, using 1-a

This is because we are testing if the ratio of variances is >
1.
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For example, if we have 4 treatments, and 12 experimental
units, and we want a=0.05:

F.8;0.95=4.07

_—
Rejection Region

0 2.4 4.8

If the calculated F is larger than 4.07, we reject Hy: The
treatments means are likely different, unless a 5% error has
occurred.

OR: We take our calculated F value from our experiment
and plot it on this F curve. Then, find the area to the right
of this value (p-value). We reject a hypothesis if the
probability value (p-value) for the test is less than the

specified significance level.
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For the example:

If assumptions of ANOVA are met then interpret the F-
value.

Ho: 1= po =3 =ps =ps
H;: not all equal

Analysis of Variance (ANOVA) Table:

Source df SS MS F p-value
Treatment 5-1=4 3.286 0.821 551 0.004
Error 25-5=20 2.976 0.149

Total 25-1=24 6.262

If assumptions of ANOVA are met then interpret the F-
value. NOTE: Fcritical for alpha=0.05, df treatment=4 and
df error=20 is 2.87.

Since the p-value is very smaller (smaller than alpha=0.05),
we reject HO and conclude that there is a difference in the
treatment means. BUT this is only a good test if the
assumptions of analysis of variance have been met. Need
to check these first (as with regression analysis).
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Assumptions regarding the error term

For the estimated means for this experiment to be unbiased
estimates of the means in the population, and the MSE to
be an unbiased estimate of the variance within each
experimental unit, the following assumptions must be met:

1. Observations are independent — not related in time nor
in space [independent data]

2. There is normal distribution of the y-values [or the
error terms] around each treatment mean [normally
distributed]

3. The variances of the y’s around each treatment mean
[or the error terms] are the same (homogeneous) for

all treatment means [equal variance]
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Similar to regression:
¢ anormal probability plot for the error terms can
be used to check the assumption of normality,
and
¢ a residual plot can be used to visually check the
assumption of equal variance.
OR, these can be tested using (1) normality tests (as with
regression); (2) Bartlett’s test for equal variances (for more
than one factor or for other designs with blocking, etc. this

becomes difficult).
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Transformations to meet assumptions

Similar to regression:

¢ logarithmic transformations can be used to equalize
variances

e arcsine transformation can be used to transform
proportions into normally distributed variables

¢ rank transformation can be used when data are not
normally distributed and other transformations do not
“work” [nonparametric analysis of variance using
ranks]

Unlike regression you must transform the y-variable

Process:

e do your analysis with the measured response variable

e if assumptions of the error term are not met, transform
the y-variable

¢ do the analysis again and check the assumptions; if not
me, try another transformation

e may have to switch to another method: generalized
linear models, etc.
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For the example, before interpreting the ANOVA table, we
Expected values: must check assumptions of ANOVA:

Is there equal variance across treatments? (estimated by
Under the assumptions of analysis of variance, MSE is an MSE as 0.149 on our ANOVA table). Using a residual plot
and EXCEL:

unbiased estimate of ¢%. and MSry is an unbiased estimate

Residual Plot

of ¢7z: 0% Therefore, this F-test will give the correct 0.8
E *
< o o PR—
probabilities under the assumptions. 2 02 MR . -
Y 0.0
2 02 e, . .
3 04 . .
2 06 ‘oo
® o8

3.2 3.4 3.6 3.8 4.0 4.2 4.4 4.6

4 35 1 2
Pred. Values (Treat. Means in m)

This is the same as saying that the expected value of MSE

is 0% , and the expected value of MStg 1S P7r+ %

The F-test is then a measure of how much larger the value

1s when the treatment means are accounted for.
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Are residuals normally distributed? Again using EXCEL:

Residuals vs. normal z(0,1)
1.00
2 ‘f‘ *
Z 0.80 o?
© ’0
S 0.60 2!
= l K = Stand. Res
2 040 ‘.‘ +2(0,1)
ks ’:1.
2 0.20 - .
£ e
© 0.00 2= ;
2 1 0 1 2
z-values

Where standardized residuals are calculated by:

e, —0

N MSE

Compare these to z-values for a standard normal distribution with a mean of
zero and a variance of 1 (z(0,1))

e; (standardized) =
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Differences among particular treatment means

If there are differences among means detected, which
means differ?

Can use:
¢ Orthogonal contrasts — see textbook
e Multiple comparisons

Multiple comparisons (or contrasts):

e Many different types, e.g.

o T-test for every pair of means; must adjust the
alpha level used by dividing by the number of
pairs.

o Scheffe’s multiple comparisons

o Bonferonni’s adjustments

e Try to “preserve” the alpha level used to test all the
means together (the F-test)
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For the example, given that there is a difference among
treatment means, which pairs of means differ?

t-test for pairs of means:
e determine the number of pairs possible

5 !
L 10 possible pairs of means
2) 312

Comparing Treatments 2 (largest estimated mean) versus 4
(smallest estimated mean):

Hoipy—p, =0 OR  Hyip, =p,

Hytpy =, #0
t= ()702_)704)_0
JMSE[wj
n, n,
. (4.4-3.5) 3636

\/0.149x(1+1j
5 5
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Under Hy: This follows:

tl—a/2,nT—J

Using alpha=0.005 (0.05/10=0.005), for 5 treatments and
25 observations, the t-value is 3.153. Result?

Another way to assess this is to obtain the p-value for
t=3.686, with 20 degrees of freedom (25-5).

This is 0.001464. Since this is less than 0.005, we reject Hy
and conclude that these two means differ.

Can test
e the other pairs of means.
e could test for any size of difference between two
means, for example:

HO: g1, —p, =c
HL: g, —p, #c
¢ (502_.)—/04)_0

MSE[1 + 1)
n, n,
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For this example:
Scheffe’s multiple comparison test — conservative

1 1
Can test ¢ =0 02=5 ;=0 042—5 ;=0
e any pair of means o1 1
e or other comparisons. L= 5 x4.4 — 5 x3.5=0.45
Testing whether the means for Treatments 2 and 4 differ: . 1V 1 1V 1
s(L)=/0.149 x (—j ><—+(——] x—|=0.122
1 1 2 5 2 5
HO : 0z +E:U2 + 04, _E:U4 +0us =0
| |
HO: ~py =4, =0 HO: 1, = s=945 _ 3686
272 0.122
The test statistic is: Under Hy, this follows:
L Ao A 4 1 J-1)F
S=— L=chy,j s(L)=_|MSE x Zcﬁx— \/( VE oy vny
s(L) j=1 j1 n;
For J=5, alpha=0.05, and nt=25 observations:
The sum of the ¢; values must add up to zero. \/( 5-1)2.87 =3.38

Calculated S > 3.38, so we reject Hy, the treatment means
differ. (NOTE: The means would have to be at least 0.826
apart to reject)
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Scheffe’s can be used for many comparisons.

For example: Test if treatments 3, 4 and 5 differ from
treatments 1 and 2:

1 1 1 1 1
HO:Eﬂl"'Eﬂz_gﬁ%_gﬂzx—gﬁ%:O OR
HO - ,Ul‘;:uz _:u3+:L;4+,U5 ~0

NOTE: ¢’s add up to 0.

et -t _t 1 _ __1
2?2 7 3t 3 773
P=tvarsteaa-tuze-Ltuzs—Luze=068
2 2 3 3 3
s(L)=0.158
g 968 439
0.158

Result: Greater than the critical value of 3.38;
do reject Hy.

s(1i)=\/0.149x[(1)x1+(1j xl(_lj <L
2) “57\2) 53
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Confidence limits for treatment means

Under the assumptions, confidence intervals for each
treatment mean can be obtained by:

_ MSE
Voi Tl picap,| =
J

Since MSE estimates the variance that is assumed to be
equal, and the observations are normally distribution and
independent.

For the example:

_ MSE

Yej i_t(n—k),l—a/Z -
J

yo]:4'l .)702:4'4 J703:3'6 yo4:3'5 y05:3'6

MSE 0.149

All the same as n, are all equal - =0.173

n;

00975 = 2.09

For treatment 1:

4.1£2.09%0.173 4.1£0.36
(3.74,4.46)
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Using SAS: For the example, we can put the data into an EXCEL

file:
For entry into statistical programs like SAS, the data should

be organized as: Treatment Observation AveHt
1 1 4.6
Treatment | Obs: Response 1 2 4.3
j=ltoJ |i=ltom 1 3 3.7
1 2 Va1 1 5 4.0
2 2 4.3
1 np Yu 1 2 3 4.0
2 1 Vi2 2 4 4.6
2 2 Vo 2 5 4.3
2 3 Vi 3 1 4.0
) 3 2 3.7
2 ny Y(nz)z 3 3 3.4
3 4 37
J 1 Vi 3 5 3.0
J 2 Vas 4 1 3.4
J 3 Vay 4 2 4.0
4 3 30
J n 4 4 3.7
St 4 5 3.4
5 1 4.3
5 2 3.7
5 3 3.7
5 4 3.0
5 5 3.4
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* CRD.sas example for 430 and 533 classes

PROC IMPORT OUT= WORK.htdata
DATAFILE= "E:\frst430\lemay\examples\
CRD _one factor no sampling.XLS"
DBMS=EXCEL REPLACE;
SHEET="rawdatas$";
GETNAMES=YES;
MIXED=NO;
SCANTEXT=YES;
USEDATE=YES;
SCANTIME=YES;
RUN;

options 1s=70 ps=50 pageno=1;
run;

PROC GLM data=htdata;

CLASS Treatment;

MODEL aveht=treatment;

MEANS treatment/scheffe hovtest=bartlett;
estimate 'l VS others' treatment 4 -1 -1 -1
-1/divisor=4;

OUTPUT OUT=GLMOUT PREDICTED=PREDICT
RESIDUAL=RESID;

RUN;

PROC PLOT DATA=GLMOUT;
PLOT RESID*PREDICT='*";
RUN;

PROC UNIVARIATE DATA=GLMOUT PLOT NORMAL;

VAR RESID;
RUN;
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Dependent

Source
Model
Error

Corrected
Total

R-Square

0.524722

The GLM Proce
Class Level Inform

Class Level
Treatment

Number of Observations
Number of Observations

The GLM Proc
Variable: AveHt Ave

Sum of
DF Squares

4 3.28560000
20 2.97600000

24 6.26160000
Source
Model
Error
Corrected Total

Coeff Var Root MSE

10.03502 0.385746

dure
ation

s Values
5 12345

Read 25
Used 25

edure
Ht

Mean
Square F Value

0.82140000 5.52
0.14880000

Pr > F
0.0037

AveHt Mean

3.844000
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Source

Treatment

Source

Treatment

Bartlett's

Source

Treatment

DF Type I SS Mean F Value
Square
4 3.28560000 0.82140000 5.52
Source Pr > F
Treatment 0.0037

DF Type III SS Mean Square F Value

4 3.28560000 0.82140000 5.52
Source Pr > F
Treatment 0.0037

The GLM Procedure
Test for Homogeneity of AveHt Variance
DF Chi-Square Pr > ChiSqg

4 0.5790 0.9654
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The GLM Procedure

Scheffe's Test for AveHt

NOTE: This test controls the Type I experimentwise

error rate.

Alpha 0.05
Error Degrees of Freedom 20
Error Mean Square 0.1488
Critical Value of F 2.86608
Minimum Significant Difference 0.826

Means with the same letter are not significantly

different.

Scheffe

Grouping Mean N Treatment
A 4.4200 5 2
A

B A 4.1200 5 1

B A

B A 3.6200 5 5
B
B 3.5600 5 3
B
B 3.5000 5 4

The GLM Procedure
Dependent Variable: AveHt AveHt
Standard

Parameter Estimate Error t Value

[t

1 VS others 0.34500000 0.19287302 1.79

Pr >

0.0888
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=1
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=
o
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[

NOTE :

Plot of RESID*PREDICT.

5 obs hidden.

Symbol used is '*'.

* *
* *
* *
* *

4.0 4.2 4.4 4.6

PREDICT
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The SAS

The UNIVARIATE
Variable:

Moment
N 25
Mean 0
Std Deviation 0.35213634
Skewness 0.0634775
Uncorrected SS 2.976

Coeff Variation

Basic Statisti

Location
Mean 0.00000 sStd
Median -0.10000 Vari
Mode -0.12000 Rang
Interquartile Range 0
Tests for L
Test -Statistic-

Student's t t
Sign M -0.5
Signed Rank S

System
Procedure

RESID

S

Sum Weights 25
Sum Observations 0
Variance 0.124
Kurtosis -0.6323427
Corrected SS 2.976

Std Error Mean 0.07042727

cal Measures

Variability
Deviation 0.35214
ance 0.12400
e 1.30000
.34000

ocation: Mu0=0

————— p Value------
Pr > |t 1.0000
Pr >= |M]| 1.0000
Pr >= |S]| 0.9584
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Tests for Normality

Test --Statistic--- --p

Value----

W 0.4729
D >0.1500

W-Sq>0.2500

A-Sqg

Shapiro-Wilk W 0.962795 Pr <
Kolmogorov-Smirnov D 0.131787 Pr >
Cramer-von Mises W-Sg 0.059919 Pr >
Anderson-Darling A-Sq 0.370893 Pr >
>0.2500
The UNIVARIATE Procedure
Variable: RESID
Quantiles (Definition 5)
Quantile Estimate
100% Max 0.68
99% 0.68
95% 0.50
90% 0.48
75% Q3 0.18
50% Median -0.10
25% Q1 -0.16
10% -0.50
5% -0.56
1% -0.62
0% Min -0.62
Extreme Observations
-—---Lowest---- ----Highest---
Value Obs Value Obs
-0.62 24 0.44 11
-0.56 15 0.48 1
-0.50 18 0.48 6
-0.42 8 0.50 17
-0.42 3 0.68 21
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Stem Leaf # Boxplot
6 8 1 |
4 4880 4 |
20 1 |
0 884488 6 +——t+——+
-0 6222200 7 Fmmmm
-2 2 1 |
-4 6022 4 |
-6 2 1 |
——— e ————
Multiply Stem.Leaf by 10**-1
The UNIVARIATE Procedure
Variable: RESID
Normal Probability Plot
0.7+ R
\ xRkt
[ PR
| Rk ok ok ok
| *k Kk ok
| I
[ KRR
-0.7+ FE
B e e . s T E S S,
-2 -1 0 +1 +2

230



Power of the Test:

A Type I error rate (o, significance level), the chance of
rejecting a null hypothesis when it is true (you reject when
the means are actually the same) must be selected. Given:

e a particular number of experimental units

e sizes of the differences between true population

means, and

e variation within the experimental units
this will set the Type II error rate (f3), the chance of
accepting a null hypothesis when it is false (you fail to
reject when the means are actually different)
The power of the test is 1- {3, the probability you will
reject the null hypothesis and conclude that there is a
difference in means, when there IS a difference

between population means.
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If the difference between population means (real treatment
means) is very large, than a small number of experimental

units will result in rejection of the null hypothesis.

If the number of experimental units is very large, then even
a small difference between population means will be

detected.

If the variation within experimental units is very small, then
the difference will be detected, even with a small difference
between population means, and even with only a few

treatment units.
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Statistical Significance is not the same as differences of Power of the test for the example:

Practical importance! UNLESS you: Have:
e have some idea of within experimental unit variation J=5 treatments, and df treatment is 5-1=4
n=5 observations in each treatment, and df error is 25-
from a previous study with the same conditions (e.g., 5=20
MS7=0.821
MSE from a previous study) MSE=0.149 as an estimate of o,

Fcritical is F(0.95,4,20)=2.87
e know the size of the difference that you wish to detect

2

2
e have selected the o level Also, E[MSrg [=pr+ . and E{MSr |= 0. .

J
Then: nz z, 2
_ A
You can calculate the number of experimental units per Pre = J—1
treatment that will result in rejection of Hy: when the where
) T, =H,; —H
differences are that large or greater. then
Alternatively: Lo J-1
y T = » (MS,, — MSE)

j=1
You can calculate the power of the test for an experiment ! 5_1
A2 -
T =—
T 5

M~

0.821-0.149)=0.538
you have already completed. ( )

~.
1]
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Power is then Prob(F>Fcritical | Noncentral) where
Noncentral is the noncentrality parameter, and for when H1
is true.

2.7
n2.t;

J=1
2
o

&

S = noncentral = M =18.04
0.149

O = noncentral =

Then use SAS:

Data power;

* Power=1-probf(Fcritical,df Treatment, df Error,
Noncentral);

Power=1-probf(2.87,4,20,18.04);

Run;

The temporary file will have the result in it, which is 0.87.
Often try to get power between 0.80 and 0.95.
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Can do power analysis for a planned experiment using:
1. A estimate of the of the variance of the error. This
could be from a previous, similar experiment.
2. The differences between treatment means that are the
minimum required to be of practical importance.
Can then test for how many observations are needed so that
statistical differences also mean differences of practical
importance [See SAS code called

One_way anova_power_using min_differences.sas]
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Methods based on maximum likelihood rather than least

squares
ML methods can be used when:
e Treatments are random rather than fixed (more on this
later)
e Transformations do not result in assumptions being
met
¢ Your dependent variable is a count, or it is a binary
variable (e.g., yes or no; dead or alive; present or
absent)

[See text for a little on this, also FRST 530]
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CRD: Two Factor Factorial Experiment, Fixed Effects

REF: Neter et al., Ch 19 and 20

Introduction

e Treatments can be combinations of more than one factor

e For 2-factor experiment, have several levels of Factor A
and of Factor B

e All levels of Factor A occur for Factor B and vice versa
(called a Factorial Experiment, or crossed treatments)

Example:

Factor A, (three levels of fertilization: A1, A2, and A3)

Factor B (four species: B1, B2, B3 and B4)

Crossed: 12 treatments

Four replications per treatment for a total of 48

experimental units

Measured Responses: height growth in mm
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Schematic and Measured Response for the Example:

Al1BI1=10

A3B2=25

A3B4=35

A2B2=23

Al1B2=14

A2B3=24

A1B4=24

A2B2=22

A1B2=15

A2B4=28

A3B3=32

A3B2=25

A3B2=27

A1B4=23

A3B3=29

A3B2=26

Al1B3=17

AlBl1=11

A3B4=35

Al1B2=13

A1B4=22

AlBI=11

A2B3=24

A3B3=30

AIB3=19

A2B1=18

A2B4=30

A3B3=31

A2B3=23

A1B4=22

A3B1=22

A2B4=29

A3B1=23

A2BI1=18

AlB2=15

A3B1=23

A2B2=25

A3B4=37

Al1BI1=9

A3B1=24

A3B4=36

A2B4=28

Al1B3=17

A2B1=18

A2B2=20

A2BI1=18

A2B3=26

AIB3=18

A1B1=10 indicates that the response variable was 10 for

this experimental unit that received Factor A, level 1 and

Factor B, level 1. Treatments randomly assigned to the 48

experimental units.
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Organization of data for analysis using a statistics

package:

NNNNNRRPRPRRRPRRPRPRRPRPRRPRREPRERRRERD

WwWwwwow.

B
1
1
1
1
2
2
2
2
3
3
3
3
4
4
4
4
1
1
1
1
2

AW

result
10
11
9
11
15
15
13
14
17
18
17
19
22
23
24
22
18
18
18
18
20

32
35
36
37
35
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Main questions
1. Is there an interaction between Factor A and Factor B
(fertilizer and species in the example)? Or do the
means by Factor A remain the same regardless of
Factor B and vice versa?
2. If there is no interaction, is there a difference
a. Between Factor A means?
b. Between Factor B means?
3. If there are differences:
a. If there is an interactions, which treatment means
differ?
b. If there is no interaction, then which levels of

Factor A means differ? Factor B means?
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Notation, Assumptions, and Transformations

Models

Population: Vix =H T T4, T T T T g, TE5

Yijk = response variable measured on experimental unit i
and factor A level j, factor B level k

j=1to J levels for Factor A; k=1 to K levels for Factor B

M = the grand or overall mean regardless of treatment
T 4= the treatment effect for Factor A, level j
T = the treatment effect for Factor B, level &

7 45 = the interaction for Factor A, level j and Factor B,
level &

€« = the difference between a particular measure for an
experimental unit Z, and the mean for a treatment:

Egp =V —(H+T 4, +Tg +T5,)
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For the experiment:
Vik = Veous T4 Tl T T 5 5 T €5

V... = the grand or overall mean of all measures from the
experiment regardless of treatment; under the assumptions
for the error terms, this will be an unbiased estimate of 4
Y.« = the mean of all measures from the experiment for a
particular treatment jk

Y. .=the mean of all measures from the experiment for a
particular level j of Factor A (includes all data for all levels
of Factor B)

Yeur = the mean of all measures from the experiment for a

particular level k of Factor B (includes all data for all levels
of Factor A)

T 4> Tai> T 45 = under the error term assumptions, will be

unbiased estimates of corresponding treatment effects for
the population

€;+ = the difference between a particular measure for an

experimental unit 7, and the mean for the treatment jk that
was applied to it

€t = Vi — Vejk
n;= the number of experimental units measured in

treatment jk
nr = the number of experimental units measured over all

K J
treatments = Z Z i

k-1 j=1
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Means for the example:

Factor A: 16 observations per level

Al=16.25, A2=23.38, A3=28.75

Factor B: 12 observations per level

B1=17.08, B2=20.83, B3=24.17, B4=29.08

Treatments (A X B): 4 observations per treatment
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Sums of Squares:
S8y = 88 + SSE a5 with CRD: One Factor. BUT

SSx is now divided into:
SS,.= SSA + SSB + SSAB

SSy: The sum of squared differences between the

observations and the grand mean:

Mk

z / (yi/‘k_)_/...)z df =n; -1

1 j=1 i=l

SSy =

K
k=]
SSA4: Sum of squared differences between the level means

for factor A and the grand mean, weighted by the number

of experimental units for each treatment:

K J )
$4=3> (7, =5 f df =71

k=1 j=1
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SSB: Sum of squared differences between the level means
for factor B and the grand mean, weighted by the number

of experimental units for each treatment:

K J 2
SSB = Zznik yuk y-.. df=K—1

k=1 j=1

SSAB: Sum of squared differences between treatment
means for jk and the grand mean, minus the factor level
differences, all weighted by the number of experimental
units for each treatment:
SSAB

K J _ B _ _ _ _ ,
= Z Z n]/( ((ycjk - yooo) - (ycok - yooc) - (yojo - ycoo))

k=1 j=1

Since some of the estimated grand means cancel out we

obtain:

K J
SSAB = Zzn/k (J7O]k _J7cck _J7cj- +J7cc-)2
k=1 j=1
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SSE: Sum of squared differences between the observed

values for each experimental unit and the treatment means:

njk

(yijk _)_/njk )2 df =nr -JK

k=l j=1 i=l

Alternative computational formulae:

K J Mg K
SSy = zzzyl]k y". SSA zzn]kyojo
k=1 j=1 i=l ny k=1 j=1
K J y 2
Z Z ]k-)_}‘zjk - == SSB ZZ n]kyook
=1 j=1 Ry k=1 j=1

SSAB = SS,, —SSA—SSB SSE =SSy — S5,

[See Excel Spreadsheet for the Example]

yooo

T

2
yooo

T
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Assumptions and Transformations:

Assumptions regarding the error term

e Must meet assumptions to obtain unbiased estimates of

population means, and an unbiased estimate of the

variance of the error term (same as CRD: One Factor)

o independent observations (not time or space related)
o normality of the errors,

o equal variance for each treatment.

e Use residual plot and a plot of the standardized errors

against the expected errors for a normal distribution to

check these assumptions.

Transformations:

As with CRD: One Factor, you must transform the y-
variable

Process:

do your analysis with the measured response variable
if assumptions of the error term are not met, transform
the y-variable

do the analysis again and check the assumptions; if not
me, try another transformation

may have to switch to another method: generalized
linear models, etc.
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Test for Interactions and Main Effects Using an analysis of variance table:

Source  df SS MS F p-value
The first main question is: Is there an interaction between A J-1 S84 MSA=  F= Prob F>
SSA/(J-1)  MSAIMSE ~ Fpy ey 1-a
the two factors? B K-1 SSB MSB= F= Prob F>
SSB/(K-1) MSBIMSE  F 1)1
Hy: No interaction AXB (J1)K-1) SSAB MSAB= F= Prob F>
(J-D)(K-1)
OR:
Error nr-JK SSE  MSE=
Hy: (¢AB+023) /% =1 SSE/(nz-J)
Hl: (¢AB+ 028)/028 > 1 Total nr-1 SSy
Where o% is the variance of the error terms; Source _df MS EUY[S]
A J-1 MSA o +4,
@4z is the interaction effect of the fixed treatments. B K1 MSB o g,

AXB (J1)(K-1) MSB o, th,

Error nr-JK MSE

Total nr-1

See Neter et al., page 826, Table 19.8 for details on expected mean squares;
¢ is used here to represent fixed effects.
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For the interactions:

_ SSABI(J ~1)(K ~1) _ MSAB
SSE /(n, — JK) MSE

e Under Hy, this follows Ff g, 1-« Where dfl is from the
numerator (J-1)(K-1), and df2 is from the denominator
(nr-JK)

e Ifthe F calculated is greater than the tabular F, or if the
p-value for F calculated is less than &, reject Hy.

o The means of Factor A are influenced by the levels
of Factor B and the two factors cannot be
interpreted separately.

o Graph the means of all treatments

o Conduct multiple comparisons all treatments (rather
then on means of each Factor, separately

o Not as much power (reject Hy when it is false), if

this occurs.
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If there are no interactions between the factors, we can
look at each factor separately — fewer means, less
complicated.

Factor A:
H()I M= h=...= W

OR:

Hy: ($4+0%)/ % =1
Hi: (¢ 0%) 07> 1

Where o% is the variance of the error terms;

@, is fixed effect for Factor A.
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From the ANOVA table:

_ SS4A/J-1)  MSA
SSE /(n, —JK) MSE
e Under Hy, this follows Fgs g, 1- Where dfl is from the

numerator (J-1) and df2 is from the denominator (n-JK)
o [fthe F calculated is greater than the tabular F, or if the
p-value for F calculated is less than & | reject Hy.
o The means of Factor A in the population are likely
not all the same
o Graph the means of Factor A levels
o Conduct multiple comparisons between means for

the J levels of Factor A, separately

The analysis and conclusions would follow the same

pattern for Factor B.
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Analysis of Variance Table Results for the Example

Source  Degrees Sum Mean F p
of of Squares

Freedom Squares

A 2 125817  629.08 514.70 <0.0001
B 3 93475  311.58 254.93 <0.0001
AXB 6 17.00 2.836 232 0.0539
Error 36 44.00 1.22

Total 47  2253.92

If assumptions met, (residuals are independent, are normally
distributed, and have equal variances among treatments), we can

interpret the results.
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Interpretation using o =0.05:

e No significant interaction (p=0.0539); we can examine
species and fertilizer effects separately.

e Are significant differences between the three fertilizer
levels of Factor A (p<0.0001), and between the four
species of Factor B (p<0.0001).

e The mean values based on these data are:

Al1=16.25, A2=23.38, A3=28.75
B1=17.08, B2=20.83, B3=24.17, B4=29.08
Did not have to calculate these for each of the 12

treatments since there is no interaction.
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Further analyses, for each Factor separately:
e Scheffé’s test for multiple comparisons, could then be
used to compare and contrast Factor level means.
o The number of observations in each factor level are:
16 for Factor A, and 12 for Factor B
o Use the MSE for both Factor A and for Factor B
(denominator of their F-tests)
e t-tests for each pair of means could be used instead.
o Again, use MSE, and 16 observations for Factor A
versus 12 for Factor B
o Must split alpha level used in the F-tests by the

number of pairs
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Factor A: t-tests for pairs of means

Determine the number of pairs possible

3 !
3 3 possible pairs of means
2) 12!

Use a significance level of 0.05/3 pairs=0.017 for each t-
test

Comparing Factor Levels 1 and 2: Al vs. A2

HO gy, —p,. =0 HI :py, = p,0#0

()7.1 — )7-2)_ 0

1 1
< +

K
Z Mg Z Mgk
k=1 k=1

MSE

o (625-2338) oo

1.22 x (1+ lj
16 16
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Critical t value from a probability table for:

e df(error) = 36 based on ( ny— JK), and 0.017 significance
level (For o =0.05 use 0.05/3 pairs for each t-test), 2-
sided test

e Using an EXCEL function: =tinv(0.017,36), returns the
value of 2.50 (this assumes a 2-sided test).

e Since the absolute value of the calculated t is greater than
2.50 we reject HO.

OR

e enter your t-value, df (error), and 2 (for 2-sided) into the
EXCEL function =tdist(18.258,36,2)

e Returns a p-value of <0.000. (NOTE that you must enter
the positive value, and the p-value is for the two “ends”
(area greater than 18.258 plus area less than -18.258)

e Since p<0.017, we reject HO

The mean of treatment A1 differs from the mean of A2.

For Factor B

e Recalculate the number of possible pairs for 4 factor
levels (will be 6 pairs; divide alpha by this for each test )

e The observations per factor level is 12, rather than 16

e Df{error) and MSE are the same as for Factor A.
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A Different Interpretation using o =0.10:

There is a significant interaction (p=0.0539) using a
=0.10; cannot interpret main effects (A and B)
separately.

The mean values based on these data are: [Excel]
AIB1=10.25 A1B2=14.25 A1B3=17.75 A1B4=22.75

A2B1=18.00 A2B2=22.50 A2B3=24.25 A2B4=28.75
A3B1=23.00 A3B2=25.75 A3B3=30.50 A3B4=35.75

12 mean values as there is a significant interaction
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Further analyses:

e Scheffé’s test for multiple comparisons (or others), could

then be used to compare and contrast treatment means
(pairs or other groupings of means). The number of
observations in each treatment are 4 [lower power than if

there was no interaction], and use the MSE.

Using t-tests for pairs of means, the number of
observations are 4 for each jk treatment, use the MSE,
and recalculate the number of possible pairs out of 12
treatments (will be 66 pairs! Retaining a =0.10, we

would use 0.10/66 = 0.0015 for each t-test )
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Confidence limits for factor level and treatment means

Treatment means:

Ve jk * Ln-JK)1-a)2

Factor A means:

Veje T Lnegk)i-a)2

Factor B means:

.)_}uk * t(n—JK),l—a/Z
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SAS code and Results:

PROC IMPORT OUT= WORK _.twofactor

DATAFILE="E:\frst430\lemay\examples\encyl examples.xls"

DBMS=EXCEL REPLACE;
SHEET="crd$";
GETNAMES=YES;
MIXED=NO;
SCANTEXT=YES;
USEDATE=YES;
SCANTIME=YES;

RUN;
options 1s=70 ps=50 pageno=1;

data twofactor;

set twofactor;

*set up a label for each treatment, with factor a and factor b, for
example, treatment of 11 is factor A of 1,and factor b of 1;
treatment=(a*10)+b;

run;

proc print data=twofactor;
run;

proc shewhart data=twofactor;
boxchart result*treatment;
run;

proc sort data=twofactor;
by ab;
run;
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Proc means data=twofactor;
var result;
by a b;

run;

PROC GLM data=twofactor;

class ab;

model result=a b a*b;

output out=glmout r=resid p=predict;
Ismeans a b a*b/pdiff tdiff;

run;

proc plot data=glmout;
plot resid*predict="*";
run;

PROC univariate data=glmout plot normal;
Var resid;
Run;

~—cuno-=-

Subgroup 9 zes:

=+

4&@3
-H-

10 12 14 16 18 20 22 24 26 28 30 32 H#A

Subgroup | ndex (treat nent)
t =

Crosses indicate mean value

Centre of the box is the median (50%)

Boxes indicate third and first quartile (25% and 75%)
“Whiskers” indicate Maximum and Minimum values

30 Linnts
For n=4:

ua=24.4

X=22.8
La=21.1
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The SAS System 1
Obs A B result treatment
1 1 1 10 11
2 1 1 11 11
3 1 1 9 11
4 1 1 11 11
5 1 2 15 12
————————————————————— A=1 B=l ————————mmm
The MEANS Procedure
Analysis Variable : result result
Mean Std Dev Minimum Maximum
Y¥y¥yv¥yyyryyvyyyryyyvyyryryryyyvyyryryryyvyvyryryryryvryyrrvryey
10.2500000 0.9574271 9.0000000 11.0000000

RS R R R R R A R R R R R R R R R R R R R R R R R R R R R R

———————————————————————————— A=]1 B=2 ————————mmm
Analysis Variable : result result
Mean Std Dev Minimum Maximum
Ja 0 e e e e e e e e e e e e e e e e e e e e e e e e e e e i e i e 4
14.2500000 0.9574271 13.0000000 15.0000000

AR AR AR R AR AR R AR EA AR R AR RS AR R R
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The GLM Procedure

Class Level Information

Class Levels Values
A 3 123
B 4 1234
Number of Observations Read 48
Number of Observations Used 48
The GLM Procedure
Dependent Variable: result result
Sum of
Source DF Squares Mean Square F Value
Model 11 2209.916667 200.901515 164.37
Error 36 44.000000 1.222222
Corrected
Total 47 2253.916667
Source Pr > F
Model <.0001
Error
Corrected Total
R-Square Coeff Var Root MSE result Mean
0.980478 4.850640 1.105542 22.79167
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Source
A

B

A*B

Source
A

B

A*B

DF

o W N

DF

2
3
6

Dependent Variable:

Type I SS Mean Square F Value
1258.166667 629.083333 514.70
934.750000 311.583333 254.93
17.000000 2.833333 2.32
Source Pr > F
A <.0001
B <.0001
A*B 0.0539
Type III SS Mean Square F Value
1258.166667 629.083333 514.70
934.750000 311.583333 254.93
17.000000 2.833333 2.32
result result
Source Pr > F
A <.0001
B <.0001
A*B 0.0539
The GLM Procedure
Least Squares Means
result LSMEAN
A LSMEAN Number
1 16.2500000 1
2 23.3750000 2
3 28.7500000 3

Least Squares Means for Effect A
t for HO: LSMean(i)=LSMean(j) / Pr > |t]|

Dependent Variable: result

i/j 1 2 3
1 -18.2287 -31.9801
<.0001 <.0001
2 18.22866 -13.7514
<.0001 <.0001
3 31.98011 13.75145
<.0001 <.0001

NOTE: To ensure overall protection level, only probabilities
associated with pre-planned comparisons should be used.

result LSMEAN

B LSMEAN Number
1 17.0833333 1
2 20.8333333 2
3 24.1666667 3
4 29.0833333 4



Least Squares Means for Effect B
t for HO: LSMean(i)=LSMean(j) / Pr > |t]|

Dependent Variable: result

i/3 1 2 3
1 -8.30868 -15.6942 -26.5878
<.0001 <.0001 <.0001
2 8.308676 -7.38549 -18.2791
<.0001 <.0001 <.0001
3 15.69417 7.385489 -10.8936
<.0001 <.0001 <.0001
4 26.58776 18.27909 10.8936
<.0001 <.0001 <.0001
NOTE: To ensure overall protection level, only probabilities

associated with pre-planned comparisons should be used.

result LSMEAN
A B LSMEAN Number
1 1 10.2500000 1
1 2 14.2500000 2
1 3 17.7500000 3
1 4 22.7500000 4
2 1 18.0000000 5
2 2 22.5000000 6
2 3 24.2500000 7
2 4 28.7500000 8
3 1 23.0000000 9
3 2 25.7500000 10
3 3 30.5000000 11
3 4 35.7500000 12
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i/3

10
11

12

Least Squares Means for Effect A*B
LSMean (i)=LSMean (j)

5.116817
<.0001
9.594032
<.0001
15.99005
<.0001
9.913833
<.0001
15.67025
<.0001
17.90886
<.0001
23.66528
<.0001
16.30985
<.0001
19.82767
<.0001
25.90389
<.0001
32.61971
<.0001

t for HO:

Dependent Variable:

2

-5.11682
<.0001

4.477215
<.0001
10.87324
<.0001
4.797016
<.0001
10.55344
<.0001
12.79204
<.0001
18.54846
<.0001
11.19304
<.0001
14.71085
<.0001
20.78707
<.0001
27.50289
<.0001

3

-9.59403
<.0001
-4.47722
<.0001

6.396021
<.0001
0.319801
0.7510
6.07622
<.0001
8.314828
<.0001
14.07125
<.0001
6.715823
<.0001
10.23363
<.0001
16.30985
<.0001
23.02568
<.0001

/ Pr > |t]
result

4 5
-15.9901 -9.91383
<.0001 <.0001
-10.8732 -4.79702
<.0001 <.0001
-6.39602 -0.3198
<.0001 0.7510
6.07622
<.0001

-6.07622

<.0001
-0.3198 5.756419
0.7510 <.0001
1.918806 7.995027
0.0630 <.0001
7.675226 13.75145
<.0001 <.0001
0.319801 6.396021
0.7510 <.0001
3.837613 9.913833
0.0005 <.0001
9.913833 15.99005
<.0001 <.0001
16.62966 22.70588
<.0001 <.0001

6

-15.6703
<.0001
-10.5534
<.0001
-6.07622
<.0001
0.319801
0.7510
-5.75642
<.0001

2.238608
0.0315
7.995027
<.0001
0.639602
0.5265
4.157414
0.0002
10.23363
<.0001
16.94946
<.0001
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i/3

10
11

12

NOTE:

Least Squares Means for Effect A*B
t for HO: LSMean(i)=LSMean(j) / Pr > |t]|

Dependent Variable: result

7 8 9 10 11

-17.9089 -23.6653 -16.3099 -19.8277 -25.9039 -32.6197

<.0001 <.0001 <.0001 <.0001 <.0001 <.0001
-12.792 -18.5485 -11.193 -14.7108 -20.7871 -27.5029
<.0001 <.0001 <.0001 <.0001 <.0001 <.0001
-8.31483 -14.0712 -6.71582 -10.2336 -16.3099 -23.0257
<.0001 <.0001 <.0001 <.0001 <.0001 <.0001
-1.91881 -7.67523 -0.3198 -3.83761 -9.91383 -16.6297
0.0630 <.0001 0.7510 0.0005 <.0001 <.0001
-7.99503 -13.7514 -6.39602 -9.91383 -15.9901 -22.7059
<.0001 <.0001 <.0001 <.0001 <.0001 <.0001
-2.23861 -7.99503 -0.6396 -4.15741 -10.2336 -16.9495
0.0315 <.0001 0.5265 0.0002 <.0001 <.0001
-5.75642 1.599005 -1.91881 -7.99503 -14.7108

<.0001 0.1186 0.0630 <.0001 <.0001

5.756419 7.355425 3.837613 -2.23861 -8.95443
<.0001 <.0001 0.0005 0.0315 <.0001
-1.59901 -7.35542 -3.51781 -9.59403 -16.3099
0.1186 <.0001 0.0012 <.0001 <.0001
1.918806 -3.83761 3.517812 -6.07622 -12.792
0.0630 0.0005 0.0012 <.0001 <.0001
7.995027 2.238608 9.594032 6.07622 -6.71582
<.0001 0.0315 <.0001 <.0001 <.0001

14.71085 8.95443 16.30985 12.79204 6.715823
<.0001 <.0001 <.0001 <.0001 <.0001

To ensure overall protection level, only probabilities
associated with pre-planned comparisons should be used.
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The SAS System

13

Plot of resid*predict. Symbol used is '*'.

resid -

2.50 - *

.25

.00

.75 - *
.50

25 - * * *
.00 - *

.50 - *

o O O F B B B NN

.25 - * * *

_0425 . * * *
-0.50 - *

-1.00 - *
~1.25 + = * *
-1.50

-1.75

-2.00

-2.25

predict

NOTE: 12 obs hidden.

* *
*

* *
*

* *
*

30 35 40
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The UNIVARIATE Procedure

Variable: resid

Moments
N 48 Sum Weights 48
Mean 0 Sum Observations 0
Std Deviation 0.96755889 Variance 0.93617021
Skewness 0.16544631 Kurtosis 0.21553629
Uncorrected SS 44 Corrected SS 44
Coeff Variation . Std Error Mean 0.1396551
Tests for Normality
Test --Statistic--- = ----- p Value------
Shapiro-Wilk W 0.977162 Pr < W 0.4666
Kolmogorov-Smirnov D 0.114207 Pr > D 0.1169
Cramer-von Mises W-Sqg 0.082279 Pr > W-Sqg 0.1963
Anderson-Darling A-Sg 0.513709 Pr > A-Sq 0.1926
Normal Probability Plot
2.75+ *
| +H+t++
| Kpxtt
| F——
| Kk kg
| Kok Ak K
| Rk K
| Kk koK Kk
| * okttt
| e
[ +++%+
-2.75+
oo B e e ettt
-2 -1 0 +1 +2
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CRD: Random and Mixed Effects

REF: Neter et al., Ch 24 (in newer edition with white cover,

Chapter 25)

Factors in experiments can be:

e Fixed: all levels of interest are included in the
experiment; we are mostly interested in testing
differences and estimating means for factor levels

e Random: levels are randomly selected; not all levels of
interest are included; we are mostly interested in the
variance of the response variable that is DUE TO the
factor

e Mixed: When there is more than one factor, there may
be a mixture, with some factors that are fixed-effects and
others that are mixed-effects

e Often, it is difficult to make the distinction!
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Examples:

We are interested in height growth for different families
(genetic stock). We select 4 families from all possible
families, and include these in the experiment. Then, we get
an estimate of the variance in the height growth due to

changes in genetics. [One random-effect factor — family]

We are interested in seedling success depending on species
and soil moisture. We select 3 species out of 12 possible
species, and include moisture levels of low, medium, and

high. The species are considered random-effects (we are

interested estimating the variance in seedling success due to

species). The moisture levels are fixed-effects (we are only
interested in these specific levels that we might apply in a

greenhouse to generate seedlings).
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e This will effect
o the expected values of the Mean squares, and then,
the F-tests that are used
o Tests that are done following the overall F-test

o The conclusions that are made

For J levels of Factor A and K levels of Factor B, we have
the following model:

Vik = Veuu T+ TAAJ' +Tpy + fABjk + €
Possibilities:
e Both are fixed (covered already)

e Both are random

e One is fixed and one is random
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Expected Mean Square Values Comparison: F-tests

Mean | Model I Model II Model III ¢ Sums of squares, means squares, etc are calculated the
Square |Both A and | Both A and B are A is Fixed same for all three types of models

B are Fixed | Random B is Random e Assumptions: Same are for fixed-effects models
A o, f L é," | o, ‘i Ko,/ +no, | o, Ty b, +no e Change the F-test, so that the numerator differs from the
(MSA) denominator ONLY in the item that you are testing
B 052 +, ng +nJo, +no,, 0'52 +n J0'32 e For means tests, use the same denominator as used for
(MSB) the F-test (e.g., instead of MSE for Model III, use MSAB
AXB o, C L b, o, +no,’ o, +no,, when testing for differences in Factor A means)
(MSAB) e Not really relevant to test for differences among means
Error o o o of a Random-effects factor as we are interested in the
(MSE) variance due to that factor

J
ZTA/'

2 2 P
J=1 .
x0, +¢,=0, +nk 71 When the number of observations (n)

are all equal.
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Example Using SAS:

Example from before for two Factors:

Factor A, (three levels of fertilization: A1, A2, and A3)

e Factor B (four species: B1, B2, B3 and B4)

e Crossed: 12 treatments

e Four replications per treatment for a total of 48
experimental units

e Measured Responses: height growth in mm

e We assumed both Factors were fixed — wanted to
compare mean height growth between species and
between fertilizers.

Now, we will assume that species is random -- these are a

few of the species that we are interested in and we wish to

look at the variance in height growth that is due to species.
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SAS CODE:

PROC IMPORT OUT= WORK.twofactor
DATAFILE=
"E:\frst430\lemay\examples\encyl examples.xls"
DBMS=EXCEL REPLACE;
SHEET="crds$";
GETNAMES=YES;
MIXED=NO;
SCANTEXT=YES;
USEDATE=YES;
SCANTIME=YES;
RUN;

options 1s=70 ps=50 pageno=1l;

* Using the same data as for fixed two-factor
experiment, but
assuming that factor b, species, is random;

PROC GLM data=twofactor;

class a b;

model result=a b a*b;

random b/test;

test h=a e=a*b;

lsmeans a /e=a*b pdiff tdiff;

output out=glmout r=resid p=predict;
run;

proc plot data=glmout;
plot resid*predict='*";
run;

proc univariate data=glmout normal plot;

var resid;
run;
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Maximum Likelihood as an Alternative for Random-

Effects and Mixed-Effects Models

¢ For mixed models, maximum likelihood may be a better
approach than least squares methods.

e Why? Better estimates of the variances than least squares
methods.

Details: See text — a bit on this.

Example: Using SAS, use PROC MIXED instead of GLM

for the same example. [added to the SAS code for

comparison]|
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PROC IMPORT OUT= WORK.twofactor
DATAFILE=
"E:\frst430\lemay\examples\encyl examples.xls"
DBMS=EXCEL REPLACE;
SHEET="crds$";
GETNAMES=YES;
MIXED=NO;
SCANTEXT=YES;
USEDATE=YES;
SCANTIME=YES;
RUN;

options 1s=70 ps=50 pageno=1l;

* Using the same data as for fixed two-factor
experiment, but

assuming that factor b is random;
PROC GLM data=twofactor;

class a b;

model result=a b a*b;

random b/test;

test h=a e=a*b;

lsmeans a /e=a*b pdiff tdiff;

output out=glmout r=resid p=predict;
run;

proc plot data=glmout;
plot resid*predict='*"';
run;

proc univariate data=glmout normal plot;
var resid;
run;

PROC MIXED data=twofactor;
class a b;

model result=a;

lsmeans a/pdiff;

random b a*b;

run;
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The SAS System 1
The GLM Procedure

Class Level Information

Class Levels Values
A 3 123
B 4 12 34
Number of Observations Read 48
Number of Observations Used 48
The SAS System 2

The GLM Procedure

Dependent Variable: result result
Sum of
Source DF Squares Mean Square F Value
Model 11 2209.916667 200.901515 164.37
Error 36 44.000000 1.222222
Corrected
Total 47 2253.916667

Source Pr > F

Model <.0001

Error

Corrected Total
R-Square Coeff Var Root MSE result Mean

0.980478 4.850640 1.105542 22.79167

283

Source DF Type I SS Mean Square
A 2 1258.166667 629.083333
B 3 934.750000 311.583333
A*B 6 17.000000 2.833333
Source Pr > F
A <.0001
B <.0001
A*B 0.0539
Source DF Type III SS Mean Square
A 2 1258.166667 629.083333
B 3 934.750000 311.583333
A*B 6 17.000000 2.833333
The SAS System
The GLM Procedure
Dependent Variable: result result
Source Pr > F
A <.0001
B <.0001
A*B 0.0539

F Value
514.70

254.93
2.32

F Value
514.70

254.93
2.32
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The SAS System 4

The GLM Procedure

Source Type III Expected Mean Square
A Var (Error) + Q(A,A*B)
B Var (Error) + 12 Var(B) + Q(A*B)
A*B Var (Error) + Q(A*B)
The SAS System 5

The GLM Procedure

Tests of Hypotheses for Mixed Model Analysis of
Variance

Dependent Variable: result result

Source DF Type III SS Mean Square F Value
* A 2 1258.166667 629.083333 514.70
B 3 934.750000 311.583333 254.93
A*B 6 17.000000 2.833333 2.32
Error:
MS (Error) 36 44.000000 1.222222

* This test assumes one or more other fixed effects
are zero.

Source Pr > F

* A <.0001
B <.0001
A*B 0.0539

Error: MS (Error)
* This test assumes one or more other fixed effects
are zero.
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The SAS System 6

Least Squares Means
Standard Errors and Probabilities Calculated Using
the Type III MS for A*B as an Error Term

result LSMEAN
A LSMEAN Number
1 16.2500000 1
2 23.3750000 2
3 28.7500000 3

Least Squares Means for Effect A
t for HO: LSMean(i)=LSMean(j) / Pr > |t|

Dependent Variable: result

i/ 1 2 3
1 -11.9724 -21.0042
<.0001 <.0001
2 11.97239 -9.03181
<.0001 0.0001
3 21.0042  9.031807
<.0001 0.0001

NOTE: To ensure overall protection level, only
probabilities associated with pre-planned
comparisons should be used.
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The SAS System 7
Dependent Variable: result result

Tests of Hypotheses Using the Type III MS for A*B
as an Error Term

Source DF Type III SS Mean Square F Value
A 2 1258.166667 629.083333 222.03

Tests of Hypotheses Using the Type III MS for A*B
as an Error Term

Source Pr > F
A <.0001
The SAS System 8

Plot of resid*predict. Symbol used is '*'.

N
&
FE T T S S S T S T S S A S A
*
*
*
*
*

Ux~
1
>
>
>
>
>
>
>

predict

NOTE: 12 obs hidden.
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The SAS System 9

The UNIVARIATE Procedure

Variable: resid
Moments
N 48 Sum Weights 48
Mean 0 Sum Observations 0
Std Deviation 0.96755889 Variance 0.93617021
Skewness 0.16544631 Kurtosis 0.21553629
Uncorrected Corrected
SS 44 SS 44

Coeff Variation

Std Error Mean 0.1396551

Basic Statistical Measures

Location Variability

Mean 0.00000 Std Deviation 0.96756

Median -0.00000 Variance 0.93617

Mode -0.75000 Range 5.00000
Interquartile Range 1.50000

Tests for Location: Mu0=0

Test -Statistic-
Student's t t

Sign M -4
Signed Rank S -32

————— p Value------
Pr > |t} 1.0000
Pr >= |M| 0.3123
Pr >= |S| 0.7463
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Shapiro-Wilk W 0
Kolmogorov-Smirnov D 0
Cramer-von Mises W-Sq 0.082279 Pr >W-Sqg O.
Anderson-Darling A-Sg O

Tests for Normality
--Statistic--

.977162 Pr < W
.114207 Pr > D

.513709 Pr >A-Sq

The SAS System

The UNIVARIATE Procedure
Variable: resid

Quantiles (Definition 5)

Quantile Estimate

100% Max 2.50
99% 2.50
95% 1.50
90% 1.25
75% Q3 0.75
50% Median -0.00
25% Q1 -0.75
10% -1.25
5% -1.25
1% -2.50
0% Min -2.50

0.
0.

0.

--p Value----

4666
1169
1963
1926

10
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Extreme Obs

-—-—--Lowest—----
Value Obs
-2.50 21
-1.50 41
-1.25 7
-1.25 3
-1.25 25

The SAS System

The UNIVARIATE
Variable:

Stem Leaf

022222
558888
0 00000022222
-0 2222
-0 888888888855
-1 2220

2
2
1 58
1
0

ervations
----Highest---
Value Obs
1.25 40
1.25 47
1.50 44
1.75 27
2.50 23
11
Procedure
resid
# Boxplot
1 |
|
2 |
6 |
6 fm——— +
11 *o—f——*
4 | |
12 - +
4 |
1 |
|
1 |
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Normal Probability Plot

2.75+ *
| +++++
| *pk ot
| kK kK
| *ok okt
‘ kK Kok ok ok
| kK
| EE S EE
| * kot
| +++++
[ +++%+
-2.75+
R At e Fom——————
-2 -1 0 +1 +2
The SAS System 12

The Mixed Procedure

Model Information

Data Set WORK.TWOFACTOR
Dependent Variable result

Covariance Structure Variance Components
Estimation Method REML

Residual Variance Method Profile

Fixed Effects SE Method Model-Based

Degrees of Freedom Method Containment

Class Level Information

Class Levels Values
A 3 123
B 4 12 3 4
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Dimensions

Covariance Parameters
Columns in X

Columns in Z

Subjects

Max Obs Per Subject

Number of Observations
Number of Observations Read

Number of Observations Used
Number of Observations Not Used

Iteration History

Iteration Evaluations -2 Res Log Like
0 1 275.37975211
1 1 166.72010292

The SAS System

The Mixed Procedure

Convergence criteria met.

Covariance Parameter

Estimates
Cov Parm Estimate
B 25.7292
A*B 0.4028

Residual 1.2222

3
4
16
1
48
48
48
0
Criterion
0.00000000
13
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E

Effect

A

ffect

A
A

A

E
|

A
A
A

ffect
tl

Fit Statistics

-2 Res Log Likelihood 166.
AIC (smaller is better) 172.
AICC (smaller is better) 173.
BIC (smaller is better) 170.

Type 3 Tests of Fixed Effects

Num Den
DF DF F Value Pr
2 6 222.03 <.0
Least Squares Means
Standard
A Estimate Error DF t Value
1 16.2500 2.5709 6 6.32
2 23.3750 2.5709 6 9.09
3 28.7500 2.5709 6 11.18
The SAS System
The Mixed Procedure
Differences of Least Squares Means
Standard
A A Estimate Error DF t Value
1 2 =7.1250 0.5951 6 -11.97
1 3 -12.5000 0.5951 6 -21.00
2 3 -=-5.3750 0.5951 6 -9.03

O W 3 J

> F

001

Pr>|t|
0.0007
<.0001
<.0001

14

Pr >

<.0001
<.0001
0.0001
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Randomized Complete Block (RCB)

With One Fixed-Effects Factor

REF: Neter et al., Ch 19, 20; Freese Handbook, page 34.

Introduction and Example

In RCB, treatments are assigned randomly, but only
within blocks of treatments

Restricting randomization of treatments to within blocks
(often called sites or trials) is used when the
experimental units can be grouped by another variable
that may impact the results

In field experiments with large experimental units,
blocking is often very useful in reducing error variance
with only a small reduction in error degrees of freedom
Blocks are most often random effects (we are interested
in the variance due to blocks)

The interest with RCB is with the factor, not with the
blocks; the blocks are simply used to reduce the

variability among experimental units
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Example: Randomized Block Design (RCB), with Factor A Organization of data for analysis using a statistics

(six levels of fertilization: Al to A6), and two sites. package:
Randomization of Factor A is restricted to within sites. Site Treatment yjk
1 Al 9
Site 1 Site 2 1 A2 12
1 A3 15
1 A4 17
1 A5 20
Al1=9 |A6=21 A4=25 A3=19 1 A6 21
2 Al 12
2 A2 16
2 A3 19
A3=15 | A2=12 Al=12 A5=27 2 A4 25
2 A5 27
2 A6 29
A5=20 |A4=17 | |A2=16 |A6=29

Response variable: biomass of grasses and herbs (kg)

2 observations per treatment — 1 in each site
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Main questions of interest:

e Are the treatment means different?

e Which means are different?

e What are the estimated means and confidence
intervals for these estimates?

As for CRD with one factor

The organization of the data is the same for CRD with two

factors as with RCB, BUT the interpretation differs:

e [t is assumed that there is no interaction between the
blocks and the treatments. Not really appropriate to
check this since the randomization of treatments is
restricted to within blocks

¢ Blocks are usually considered random-effects; want to

remove the effects of blocks from the analysis
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Notation

Population: Vj =H T +Tp 7, T &4

Y jk = response variable measured on block j and treatment
k

j=1 to J blocks; k=1 to K treatments

M = the grand or overall mean regardless of treatment or
block

T 4 = the treatment effect for k

7= the block effect for block j

€ = 1s actually an interaction term between block and
treatment, defined as:

E ik :yjk_(,u"'TAk"'TBj)
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For the experiment:

Vi =y.. Ty +T, e,
Y..= the grand or overall mean of all measures from the
experiment regardless of treatment; under the assumptions
for the error terms, this will be an unbiased estimate of 4
Vo = the mean of all measures from the experiment for a

particular block j (includes all data for all levels of the
treatment)

Y. = the mean of all measures from the experiment for a
particular treatment k over all blocks

T 4T 5 = under the error term assumptions, will be

unbiased estimates of corresponding treatment effects for
the population

€, = 1is defined as:
ejk = (yjk _J_;oo)_(.)_;jo _yoo)_(yok _J_;oo)
:y]k _.)_;]c _yok +.)_;o-
J=number of blocks and also the number of measures
(experimental units) for treatment &

KJ = total number of experimental units on which the
response was measured
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Sums of Squares:
SSy =SS, +SS,, + SSE

SSy: The sum of squared differences between the

observations and the grand mean:
K J
ssy=3 2 lvu-v.f  dr=uK-1

P
SS7x : Sum of squared differences between the treatment
means, and the grand mean, weighted by the number of
blocks (experimental units in each treatment)
P 2
S5 =2 = Pu) - df =K
S8k : Sum of squared differences between the block

means, and the grand mean, weighted by the number of

treatments (experimental units in each block)

J

SSBLK :zK(J_’j. _J_’..)z df =J -1

J=1
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SSE: sum of squared differences between the observation

and the grand mean plus the treatment and block effects.

SSE= SSy—SS,, —SSy.  df =(J-1)(K-1)

Alternative computational formulae:

k=1 j=1

K J y
SSy=ZZy o
Jj=
K

J
JZ N SS ik :Kz_jz-._—

=1 Jj=1

SSE =SSy — SS,, — SSBLK

Assumptions and Transformations:

e Must meet assumptions for the error term to obtain
unbiased estimates of population means, and an unbiased
estimate of the variance of the error term

o independent observations (not time or space related)
o normality of the errors,
o equal variance for each treatment.

e Use residual plot and a plot of the standardized errors
against the expected errors for a normal distribution to
check these assumptions.

¢ To meet assumptions you might have to transform the y-

variable, as with other designs



Differences among treatment means

The main question is: Is there a difference between

treatment means:
H(): == ... = Uk

OR:

H(): (¢TR+O-23) /0-23 = 1
H;: (¢TR+02€)/023> 1

Where o% is the variance of the error terms;

¢TR 1s fixed effect for the treatments.
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Using an analysis of variance table:

Source df SS MS F p-value

Block J-1 SSBL[( MSA=
SSgix /(-1

Treat. K-1 SSt MSp= F= Prob F>
SSTR /(K- 1) MSTR/MSE F(K,l)’(de),]_ o

Error J-1)(K-1) SSE MSE=

SSE/

(-D(K-1)
Total  JK-1 SSy
Source df MS E[MS]
Block J-1 MSBLK o 2 +KO—BLK2
Treat. K-1 MSrr o 'y b
Error J-1)(K- MSE . :

1) ¢

Total nr-1

NOTE: Neter et al., assume blocks are fixed rather than random

¢ is used here to represent fixed effects and o is used to represent

random effects.



From the ANOVA table:

_ SSR /(K1) MS,
SSE/(J-1)(K—-1) MSE
e Under Hy, this follows Fgs g, 1- Where dfl is from the

numerator (K-1) and df2 is from the denominator (J-1)
(K-1)

e [fthe F calculated is greater than the tabular F, or if the
p-value for F calculated is less than & | reject Hy, the
means of treatments in the population are likely not all

the same
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Further analyses:
Can conduct multiple comparisons between means for the
K treatments:
e using MSE and using J (number of blocks) as the
number of observations per treatment.
Can use t-tests of pairs of means -- must divide alpha by the

number of possible pairs

Confidence limits for treatment means

Treatment means:
MSE

Yo t(de),l—a/2 7

As each block has a measure for each treatment.
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SAS code and Results for the Example

PROC IMPORT OUT= WORK.biomass
DATAFILE=

"E:\frst430\lemay\examples\RCB examples.xls"
DBMS=EXCEL REPLACE;
SHEET=""'no reps$'";
GETNAMES=YES;
MIXED=NO;
SCANTEXT=YES;
USEDATE=YES;
SCANTIME=YES;

RUN;

options 1s=70 ps=50 pageno=1 nodate;

data biomass?2;
set biomass;
Inbiomass=log(yjk);
run;

PROC GLM data=biomass2;

class site treatment;

model lnbiomass=site treatment;
random site;

lsmeans treatment/pdiff tdiff;
output out=glmout r=resid p=predict;
run;

proc plot data=glmout;
plot resid*predict='*";
run;

proc univariate data=glmout normal plot;

var resid;
run;
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The SAS System
The GLM Procedure

Class Level Information

Class Levels Values
Site 2 12
Treatment 6 Al A2 A3 A4 A5 A6

Number of Observations Read
Number of Observations Used

12
12
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The SAS System

The GLM Procedure

Dependent Variable: lnbiomass

Source
Model
Error

Corrected
Total

R-Square

0.995627

Sum of

DF Squares Mean Square F Value
6 1.38167231 0.23027872 189.72
5 0.00606896 0.00121379
11 1.38774127

Source Pr > F

Model <.0001

Error

Corrected Total

Coeff Var Root MSE

1.217186 0.034840

lnbiomass Mean

2.862299
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Source

Site
Treatment

Source

Site
Treatment

Source

Site

Treatment

DF

1
5

DF Type I SS

1 0.27612234
5 1.10554998

Source

Site
Treatment

Mean Square F Value

0.27612234 227.49
0.22111000 182.16
Pr > F
<.0001
<.0001

Type III SS Mean Square F Value
0.27612234 0.27612234 227.49
1.10554998 0.22111000 182.16
Source Pr > F
Site <.0001
Treatment <.0001
The SAS System 3

The GLM Procedure

Type III Expected Mean Square

Var (Error) + 6 Var(Site)

Var (Error) + Q(Treatment)
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The SAS System

The GLM Procedure
Least Squares Means

Inbiomass LSMEAN
Treatment LSMEAN

Al 2.34106561
A2 2.62874769
A3 2.82624459
A4 3.02604458
A5 3.14578457
Ab 3.20590913

Least Squares Means for Effect
t for HO: LSMean (i)=LSMean (j)

Dependent Variable: lnbiomass

i/3 1 2 3 4 5
1 -8.25735 -13.9261 -19.661 -23.09
0.0004 <.0001 <.0001 <.00
2 8.257352 -5.66876 -11.4036 -14.84
0.0004 0.0024 <.0001 <.00
3 13.92612 5.668763 -5.73487 -9.171
<.0001  0.0024 0.0023  0.00
4 19.66098 11.40363 5.734869 -3.43
<.0001  <.0001 0.0023 0.01

5 23.09789 14.84053 9.171771 3.436902
<.0001 <.0001 0.0003 0.0185

6 24.82364 16.56629 10.89753 5.162661 1.7257
<.0001 <.0001 0.0001 0.0036 0.14

NOTE: To ensure overall protection level,
probabilities associated with pre-planned
comparisons should be used.

Number

o Ul W N

Treatment
/ Pr > |t
6

79 -24.8236
01 <.0001
05 -16.5663
01 <.0001
77 -10.8975
03 0.0001
69 -5.16266
85 0.0036
-1.72576
0.1450

58

50

only
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resid

.06

.04

.02

.00

.02

.04

.06

[ N TN

RN

[ 5

The SAS System

Plot of resid*predict. Symbol used is '*'.

predict



The SAS System 6

The UNIVARIATE Procedure
Variable: resid

Moments

N 12 Sum Weights 12
Mean 0 Sum Observations 0
Std Deviation 0.02348879 Variance 0.00055172
Skewness 0 Kurtosis 0.25289374
Uncorrected Corrected

SS 0.00606896 SS 0.00606896
Coeff Variation . Std Error

Mean 0.00678063

Basic Statistical Measures

Location Variability

Mean 0.00000 Std Deviation 0.02349
Median 0.00000 Variance 0.0005517
Mode -0.00785 Range 0.08228
Interquartile Range 0.01755

Tests for Location: Mu0=0

Test -Statistic-  -—-——- p Value-----—-
Student's t t 0 Pr > |t| 1.0000
Sign M 0 Pr >= |M]| 1.0000
Signed Rank S 2 Pr >= |S| 0.8979
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Tests for Normality

Test --Statistic---

Shapiro-Wilk W
Kolmogorov-Smirnov D

0

0
Cramer-von Mises W-Sg 0.058634
Anderson-Darling A-Sgq O

Quantiles

Quantile

100% Max
99%

--p Value
.949629 Pr<w 0
.173219 Pr>D >0.
Pr>W-Sg >0.
.344788 Pr>A-Sg >0.
(Definition 5)
Estimate
0.04114012
0.04114012

The SAS System

The UNIVARIATE Procedure

Variable: resid
Quantiles (Definition 5)
Quantile Estimate

95% 0.04114012

90% 0.03349673

75% Q3 0.00877283
50% Median 0.00000000
25% Q1 -0.00877283
10% -0.03349673

5% -0.04114012

1% -0.04114012

0% Min -0.04114012

.6316

1500
2500
2500
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Extreme Observations

——————— Lowest------- -------Highest------
Value Obs Value Obs
-0.04114012 4 0.00785008 1
-0.03349673 9 0.00785008 2
-0.00969558 6 0.00969558 12
-0.00785008 8 0.03349673 3
-0.00785008 7 0.04114012 10
Stem Leaf # Boxplot

41 0

33 1 |

2

10 1 |

0 288 3 +=—t-—t

-0 882 3 o +

-10 1 |

,2 ‘

-3 3 1 |

-4 1 0

B et e e

Multiply Stem.Leaf by 10**-2

The SAS System 8

The UNIVARIATE Procedure
Variable: resid
Normal Probability Plot

0.045+ * ottt
| * bttt
| +H++
0.015+ ++++
| FRpRpR Kk
| * kg
-0.015+ ++++
| +H++
| +HHH *
-0.045+ ++++ *
R e B dom— 1
-2 -1 0 +1 +2
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NOTE: Could use PROC MIXED instead of GLM (for
interest only)
* note: could use PROC MIXED instead of GLM for
this;
PROC IMPORT OUT= WORK.biomass
DATAFILE=
"E:\frst430\lemay\examples\RCB examples.xls"
DBMS=EXCEL REPLACE;
SHEET="'no repss$'";
GETNAMES=YES;
MIXED=NO;
SCANTEXT=YES;
USEDATE=YES;
SCANTIME=YES;
RUN;

options 1s=70 ps=50 pageno=1 nodate;

data biomass2;
set biomass;
Inbiomass=log (yjk);
run;

PROC MIXED data=biomass?2;
class site treatment;
model lnbiomass=treatment;
lsmeans treatment/pdiff;
random site;

run;
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The SAS System 9
The Mixed Procedure

Model Information

Data Set WORK.BIOMASS2
Dependent Variable Inbiomass
Covariance Structure Variance Components
Estimation Method REML

Residual Variance Method Profile

Fixed Effects SE Method Model-Based

Degrees of Freedom Method Containment

Class Level Information

Class Levels Values
Site 2 12
Treatment 6 Al A2 A3 A4 A5 A6
Dimensions
Covariance Parameters 2
Columns in X 7
Columns in Z 2
Subjects 1
Max Obs Per Subject 12
Number of Observations
Number of Observations Read 12
Number of Observations Used 12
Number of Observations Not Used 0
Iteration History
Iteration Evaluations -2 Res Log Like Criterion
0 1 2.84456806
1 1 -13.67079866 0.00000000
Convergence criteria met.
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The SAS System 10
The Mixed Procedure

Covariance Parameter

Estimates
Cov Parm Estimate
Site 0.04582
Residual 0.001214

Fit Statistics

-2 Res Log Likelihood -13.7
AIC (smaller is better) -9.7
AICC (smaller is better) -5.7
BIC (smaller is better) -12.3

Type 3 Tests of Fixed Effects

Num Den
Effect DF DF F Value Pr > F
Treatment 5 5 182.16 <.0001

Least Squares Means

Standard
Effect Treat Estimate Error DF t Value Pr>|t|
Treatment Al 2.3411 0.1533 5 15.27 <.0001
Treatment A2 2.6287 0.1533 5 17.14 <.0001
Treatment A3 2.8262 0.1533 5 18.43 <.0001
Treatment A4 3.0260 0.1533 5 19.73 <.0001
Treatment A5 3.1458 0.1533 5 20.51 <.0001
Treatment A6 3.2059 0.1533 5 20.91 <.0001
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Effect
Value

Treatment
Treatment
Treatment
Treatment
Treatment
Treatment
Treatment
Treatment
Treatment
Treatment
Treatment
Treatment
Treatment
Treatment
Treatment

Effect

Treatment
Treatment
Treatment
Treatment
Treatment
Treatment
Treatment
Treatment
Treatment
Treatment
Treatment
Treatment
Treatment
Treatment
Treatment

Differences of Least Squares Means

Treat Treat

Al A2
Al A3
Al A4
Al A5
Al A6
A2 A3
A2 A4
A2 AS
A2 A6
A3 A4
A3 A5
A3 A6
A4 A5
A4 A6
A5 A6

Standard

Estimate Erro
-0.2877 0.03484
-0.4852 0.03484
-0.6850 0.03484
-0.8047 0.03484
-0.8648 0.03484
-0.1975 0.03484
-0.3973 0.03484
-0.5170 0.03484
-0.5772 0.03484
-0.1998 0.03484
-0.3195 0.03484
-0.3797 0.03484
-0.1197 0.03484
-0.1799 0.03484
-0.06012 0.03484

r

(G NG NGO NG NG NG NG NG NG NG NG NG NG NG N

Differences of Least Squares Means

Treatment
Al
Al
Al
Al
Al
A2
A2
A2
A2
A3
A3
A3
A4
A4
A5

Treatment
A2
A3
A4
A5
Ab
A3
A4
A5
Ab
A4
A5
A6
A5
A6
A6

Pr >

o

OO OOOOAAANODODAANANA

It

.0004
.0001
.0001
.0001
.0001
.0024
.0001
.0001
.0001
.0023
.0003
.0001
.0185
.0036
.1450

-8.
-13.
-19.
-23.
-24.

-5.
-11.
-14.
-16.

-5.

-9.
-10.
.44
-5.
-1.

26
93
66
10
82
67
40
84
57
73
17
90

16
73
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Randomized Block Design with other experiments

RCB with Two Fixed Factors

e Within each block. treatments are randomly located to
each experimental unit, but each treatment is a
combination of two factors

Example: Randomized Block Design (RCB), with three
types of food (Factor A: Al to A3), two species of fish
Randomization of

(Factor B) and two labs (blocks).

treatments (e.g., Al, B2) is restricted to within labs.

Lab 1 Lab 2

AlBl =6 |AlB2=5 A3BI=11| A3B2=12
A3BI=10 |A2B2=8 AlBI=4 | A2B2=9
A2B1=7 A3B2=12 A2B1=8 | A1B2=5

Response variable: weight gain of fish (kg)
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Experimental unit: one tank of fish; 6 tanks in each lab

Organization of data for analysis using a statistics

package:
A B
Site  Food Species yijk
1 Al Bl 6
1 Al B2 5
1 A2 Bl 8
1 A2 B2 7
1 A3 Bl 10
1 A3 B2 12
2 Al Bl 4
2 Al B2 5
2 A2 Bl 9
2 A2 B2 8
2 A3 Bl 11
2 A3 B2 12

Main questions of interest—same as for RCB:
e [s there an interaction between factors? If not, is there
a difference between means for Factor A? Factor B?
Which means are different? What are the estimated

means and confidence intervals for these estimates?
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e We are not really interested in the blocks — just used to
reduce the amount of variation

Models
The model is a mixture between a single factor RCB and a
2-factor CRD; interpretation is more difficult
o Blocks are usually random not fixed factors
o Blocks are used to reduce variability within
treatments; not of interest on their own

Population: YV = H T Tpix; T T ¥ Tp T T g T €

Yjki = response variable measured on block j and
treatment k/

j=1 to Jblocks; k=1 to K levels for Factor A; /=1 to L levels
for Factor B

Definition of terms follows other designs
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Test for Interactions and Main Effects

Hy: No interaction between Factor A and
Factor B
H,: Interaction

OR:
Hy: ($axp+0°)/ 0% = 1

Hy: (§yx5+0°) 07> 1

Where o% is the variance of the error terms;

0%, x zis the interaction between Factor A and Factor B
fixed-effect treatments
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ANOVA: Blocks Random, Factor A and Factor B are Fixed

Source df SS MS F ??? correct?
BLK J—l SSBLK MSBLK: F= MSBL[(/MSE
SSpx/(J-1)
Factor K-1 SSA MSA: F= MSA/MSBXT
A SS4/(K-1)
Factor L-1 SSB MSB: F= MSB/MSBXT
B SSp/(L-1)
AXB (K-1)(L-1)  SS,xz MS ix5=SS.x5 / F= MSAB/MSE
(K-1)(L-1)
Error (J-1)(KL-1) SSE MSE= SSE/
(J-1)(KL-1)
Total nr-1 SSy
Source df MS p-value E[MS]
BLK. J-1 MSBLK Prob F> 0.52 + KLO—BLK :
Fn ey, 1-a
A K-1 MS, Prob F> 0.52 +,
F1yamxn,i-o
B L-1 MSg Prob F> 0': +d,
F1y@mxn.i-o
AXB (J-D(L-1) MS.xp Prob F> O.EZ .,
F yuxae,1-o
Error  (J-1)(KL-1) MSE o
Total np-1

@ is used here to represent fixed effects.
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SAS code for example and output: Food and Species Fixed
effects; Site is a Random Effect.

PROC IMPORT OUT= WORK.blocktwo
DATAFILE=

"E:\frst430\lemay\examples\RCB examples.xls"
DBMS=EXCEL REPLACE;
SHEET="'2-factorss$'";
GETNAMES=YES;
MIXED=NO;
SCANTEXT=YES;
USEDATE=YES;
SCANTIME=YES;

RUN;

options 1s=70 ps=50 pageno=1 nodate;

data blocktwo?2;

set blocktwo;

Infishwt=log(yijk);

run;

PROC GLM data=blocktwo2;

class site food species;

model 1lnfishwt=site food species food*species;
random site;

lsmeans food/pdiff tdiff;

lsmeans species/pdiff tdiff;

lsmeans food*species/pdiff tdiff;

output out=glmout r=resid p=predict;

run;

proc plot data=glmout;

plot resid*predict='*";

run;

proc univariate data=glmout normal plot;
var resid;

run;
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Dependent

Source
Value

Model

Error

Corrected
Total

R-Square

0.931260

The SAS System

The GLM Procedure

Class Level Information

Class

Site
Food
Specie

Levels Values
2 12
3 Al A2 A3
S 2 Bl B2
Number of Observations Read 12
Number of Observations Used 12
The SAS System 2

The GLM Procedure

Variable:

DF S

6 1

5 0

11 1

Source

Model

Error

Correc

Coeff Var

7.043771

Infishwt
Sum of
quares
.38600089

.10230621

.48830710

ted Total

Root MSE

0.143043

Mean Square F

0.23100015 11.29
0.02046124

Pr > F

0.0088

Infishwt Mean

2.030770
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Source DF Type I SS Mean Square FValue
Site 1 0.00028852 0.00028852 0.01
Food 2 1.35137097 0.67568548 33.02
Species 1 0.00028852 0.00028852 0.01
Food*Species 2 0.03405288 0.01702644 0.83
Source Pr > F
Site 0.9101
Food 0.0013
Species 0.9101
Food*Species 0.4876
Source DF Type IITI SS Mean Square F Value
Site 1 0.00028852 0.00028852 0.01
Food 2 1.35137097 0.67568548 33.02
Species 1 0.00028852 0.00028852 0.01
Food*Species 2 0.03405288 0.01702644 0.83
Source Pr > F
Site 0.9101
Food 0.0013
Species 0.9101
Food*Species 0.4876
The SAS System 4
The GLM Procedure
Source Type III Expected Mean Square
Site Var (Error) + 6 Var (Site)
Food Var (Error) + Q(Food,Food*Species)
Species Var (Error) + Q(Species,Food*Species)
(

Food*Species Var (Error) + Q(Food*Species)
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The SAS System

The GLM Procedure
Least Squares Means

Infishwt LSMEAN

Food LSMEAN Number
Al 1.59923241 1
A2 2.07550445 2
A3 2.41757342 3

Least Squares Means for Effect Food
t for HO: LSMean (i)=LSMean(j) / Pr > |t|

Dependent Variable: 1lnfishwt

i/ 1 2 3
1 -4.70873 -8.09065
0.0053 0.0005
2 4.708733 -3.38191
0.0053 0.0196
3 8.090648  3.381915
0.0005 0.0196

NOTE: To ensure overall protection level, only
probabilities associated with pre-planned
comparisons should be used.

The SAS System

The GLM Procedure
Least Squares Means

Infishwt
HO:LSMeanl=LSMean?2
Species LSMEAN t Value Pr > |t|
Bl 2.02586672 -0.12 0.9101

B2 2.03567347
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The SAS System

The GLM Procedure
Least Squares Means

Infishwt LSMEAN
Food Species LSMEAN Number
Al B1 1.58902692 1
Al B2 1.60943791 2
A2 Bl 2.13833306 3
A2 B2 2.01267585 4
A3 B1 2.35024018 5
A3 B2 2.48490665 6

Least Squares Means for Effect Food*Species

t for HO:

NOTE:

.142692

0.8921

.840152

0.0121

.961693

0.0315

.321577

0.0031

.263019

0.0015

LSMean (1) =LSMean (7)

Dependent Variable:

2 3

/ Pr >

Infishwt

4 5

It

6

-0.14269 -3.84015 -2.96169 -5.32158 -6.26302

.178885

.120327

0.8921 0.0121
-3.69746
0.0140
.697461
0.0140

.819002 -0.87846

0.0372 0.4199
1.481425
0.0035 0.1986
2.422866

0.0017 0.0599

0.0315

-2.819 -5.17889
0.0372 0.0035

.878459 -1.48142

0.4199 0.1986
-2.35988
0.0648
.359883
0.0648

.301325 0.941442

0.0214 0.3897

0.0031

To ensure overall protection level,

probabilities associated with pre-planned

comparisons should be used.

0.0015

-6.12033
0.0017

-2.42287
0.0599

-3.30133
0.0214

-0.94144
0.3897

only

Plot of resid*predict.

resid ,

0.2 "~ *
’
’
0.1 "
’
’
0.0 "~ *x
’
’
-0.1
’
-0.2 *

The SAS System

Symbol used is

NOTE:
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predict

1 obs hidden.
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The SAS System

The UNIVARIATE Procedure
Variable: resid

—————— Lowes
Moments
Value
N 12 Sum Weights 12
Mean 0 Sum Observations 0 -0.19782918
Std Deviation 0.096439 Variance 0.00930056 -0.07166907
Skewness 0 Kurtosis 1.73130021 -0.06379489
Uncorrected SS 0.10230621 Corrected SS 0.10230621 -0.05255846
Coeff Variation . Std Error -0.00490338
Mean 0.02783967
Stem Leaf
(some outputs on basic stats for residuals trimmed 20
off) 1
Tests for Normality 1
0 567
Test --Statistic--- = -————- p Value--- 0 00
-0 00
Shapiro-Wilk W 0.95208 Pr < W 0.6676 -0 765
Kolmogorov-Smirnov D 0.146392 Pr > D >0.1500 -1
Cramer-von Mises W-Sg 0.056429 Pr>W-Sqg >0.2500 -1
Anderson-Darling A-Sg 0.357776 Pr>A-Sqgq >0.2500 -2 0

Quantiles (Definition 5)

Quantile Estimate

100% Max 0.1978292
99% 0.1978292
95% 0.1978292
90% 0.0716691
75% Q3 0.0581767
50% Median 0.0000000
25% Q1 -0.0581767
10% -0.0716691
5% -0.1978292
1% -0.1978292

0% Min -0.1978292

0.225+
|
|
0.075+
|
|
-0.075+
|
|
=0.225++++++

Extreme Observations

t-—— = Highest-—-----
Obs Value Obs
7 0.00490338 12
4 0.05255846 11
3 0.06379489 9
5 0.07166907 10
6 0.19782918 1
# Boxplot
1 |
|
|
3 t-——— +
2 SR
2 | I
3 +———— +
|
|
1 |
et e e e

Multiply Stem.Leaf by 10**-1

The UNIVARIATE Procedure
Variable: resid

Normal Probability Plot
R s
Xttt
bt
*opp gk
HRpE
et il
*pp Rk
ettt

X

-2 -1 0 +1 +2



RCB with One fixed, one random factor
e Within each block treatments are randomly located to

each experimental unit, but each treatment is a
combination of two factors

¢ For one factor, we are interested in comparing treatment
means

e For the other factor, we are interested in obtaining an
estimate of the variance of the response variable that is

due to that factor

Example: Randomized Block Design (RCB), with three
types of fertilizer (Factor A: Al to A3), two genetic
families of pine trees (Factor B) and two sites (blocks).
e Randomization of treatments (e.g., Al, B2) is
restricted to within sites.
e Blocks are random; factor B is random (random

selection of possible families)
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Interpretation will differ from RCB with two factors;
F-tests will vary also, as Expected Mean Squares will
be different

If there is no interaction among the two factors, we
can interpret the factors separately

For Factor A: use multiple comparisons to compare
factor level means

For Factor B: obtain an estimate of the variance due
to this factor.

NOTE: we could use least squares analysis of
variance for this analysis. HOWEVER: using
MIXED models with Maximum Likelihood is
considered a better approach for mixed-effects (one

random, one fixed effects factor)



Incomplete Block Design

e Like RCB, BUT there are not enough experimental
units in each block to have every treatment in each
block — incomplete

e For example:

We have 2 sites. There are 4 experimental units in each
site. However, we have 5 treatments! There are not
enough experimental units in site 1 to have all 5 treatments,
nor is there enough experimental units in site 2 to have all
5. (REF: Chapter 28 of textbook)
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RCB with replicates in each block
e Within each block there are several replicates of each

treatment
e Sometimes called “Generalized RCB”

Example: Randomized Block Design (RCB), with Factor A
(three types of food: Al to A3), and two labs (blocks).

Randomization of Factor A is restricted to within labs.

Lab 1 Lab2
Al=6 |Al=5 A3=11 A3=12
A3=10 | A2=8 Al=4 A2=9

A2=7 | A3=12 A2=8 Al1=5

Response variable: weight gain of fish (kg)

Experimental unit: one tank of fish; 6 tanks in each lab
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Organization of data for analysis using a statistics

package:
Site Treatment Replicate yijk
1 Al 1 6
1 Al 2 5
1 A2 1 8
1 A2 2 7
1 A3 1 10
1 A3 2 12
2 Al 1 4
2 Al 2 5
2 A2 1 9
2 A2 2 8
2 A3 1 11
2 A3 2 12

Main questions of interest—same as for RCB:
e Are the treatment means different? Which means are
different? What are the estimated means and

confidence intervals for these estimates?
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Models

Population: Yix = H T Tk j T Trri + Tprixrr e + Eiik

Yiik = response variable measured on experimental unit /
in block j and treatment k&

j=1 to Jblocks; k=1 to K treatments; i=1 to n replicates

M = the grand or overall mean regardless of treatment or
block

Tk j = the block effect for j
Trri = the treatment effect for block k

Trik<r jk = the interaction effect between block j and
treatment &

€ = 1s error term, specific to observation i
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For the experiment:
Vig = Veoo YTk ; ¥ Trric T Tprisrr i T €k

V... = the grand or overall mean of all measures from the
experiment regardless of treatment or block; under the
assumptions for the error terms, this will be an unbiased
estimate of 4

Y. x = the mean of all measures from the experiment for a
particular block j and experiment &

Y. o= the mean of all measures from the experiment for a
particular block j (includes all data for all levels of the
treatments)

Ve = the mean of all measures from the experiment for a

particular level & of the Factor A (includes all data for all
blocks)

Tpik ID TrresCakxtn & =under the error term assumptions,
will be unbiased estimates of corresponding treatment,
block, and block by treatment for the population
€;+ = the difference between a particular measure for an
experimental unit 7, and the mean for the block j and
treatment & that was applied to it

€ = Vix — Veix
n;= the number of experimental units measured in the

block j and treatment k&
nr = the number of experimental units measured over all

K J
blocks and treatments = ZZ%

k-1 j=1

Sums of Squares:
SSy =885, + 85 +SSppx +SSE

SSy: The sum of squared differences between the

observations and the grand mean:

SSy:ZZZk(ygjk_)_/m)z df=nT—1

k=l j=1 i=l

SSprx: Sum of squared differences between the block
means and the grand mean, weighted by the number of

experimental units for each block:

Z”_/k(y-j.—y...)z df =J -1

1

K J
SSBLK =
k=1 j=

SS7r: Sum of squared differences between the level means
for factor A and the grand mean, weighted by the number

of experimental units for each treatment:
J
=1

K
SS1z =ZZnik(f"k _)_’...)2 df =K -1

k=1 j=1
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SSsixx tr: Sum of squared differences between means for
block j and treatment & and the grand mean, minus the
block and treatment level differences, all weighted by the
number of experimental units for each block and treatment:
SS gk «rr

=2 2 1 (T = V) = G = Fo) = (T = 7))’

Since some of the terms cancel out we obtain:
K J 5
SSBLKXTR: ank(ynjk_ycck_ycjo+yccc)
k=1 j=1

SSE: Sum of squared differences between the observed

values for each experimental unit and the treatment means:

K J )
SSE=Y > > vy =Fuf  df =m—JK
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Assumptions regarding the error term

e Must meet assumptions to obtain unbiased estimates of
population means, and an unbiased estimate of the
variance of the error term as with other designs

Process:

e do your analysis with the measured response variable

e Check the residual plot and normal plot to see if
assumptions are met

¢ if assumptions of the error term are not met, transform
the y-variable

¢ do the analysis again and check the assumptions; if not
me, try another transformation

e may have to switch to another method: generalized
linear models, etc.
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Test for Interactions and Main Effects

Although an interaction between treatments and
blocks would result in a difficult interpretation
of results, this can be tested first.

Hy: No interaction
H,: Interaction

OR:
Hy: (px1+0°)/ 0% =1

Hy: (Ppxr:0°0)/ 0% > 1
Where o is the variance of the error terms;

o pyr is the interaction between blocks and fixed
treatments; since blocks are random, the interaction

between blocks and treatments is also random.
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Using an analysis of variance table: Blocks Random,

Treatments Fixed

Source df SS MS F
BLK. J-1 SSBLK MSBLK: F= MSBLK/MSE
SSpil/(J-1)
TR. K-1 SSTR MSTR: F= MSTR/MSBXT
SSr/(K-1)
BLK (J‘l)(K-l) SSBXT MSBXT: F: MSBT/MSE
X TR SSpxr/
(-D(K-1)
Error nr-JK SSE MSE= SSE/
(nr-JK)
Total nr-1 SSy
Source df MS p-value E[MS]
BLK. J-1 MSg1x Prob F> :

052 + Knog,
Fuaam, 1-a

TR. K-1 MSrg Prob F> o 05t +
F1y@mxn,i-a ‘

BLK (J-D(K-1) MSpxr Prob F> o 2 R .

X TR F ysxraE,1-a ‘

Error  ny-JK MSE o

Total nr-1

@ is used here to represent fixed effects.
Assuming all » are equal (same number of replicates in each block and
treatment combination)
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For the interactions:

F = SSBXT /(J _ 1)(K _1) — MSBxT
SSE /(n, — JK) MSE
e Under Hy, this follows Ff g, 1-« Where dfl is from the

numerator (J-1)(K-1), and df2 is from the denominator
(nr-JK)
e Ifthe F calculated is greater than the tabular F, or if the
p-value for F calculated is less than &, reject Hy.
o The means of Factor A are influenced by the levels
of the blocks; the design should have been a
completely randomized design for ease of
interpretation
o Graph the means of all treatments by block and try

to interpret results
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If there are no interactions (hopefully the case) we can
look at the impact of the treatments

Factor A:
H()I M= h=...= U

OR:

Hy: (¢A+HOZBXT+OZE) /(DOZBXT+023 ): 1
H;: (¢A‘|‘I’l OZBXT-i-OZg) /(n023XT+025)> 1

Where o’ is the variance of the error terms; ¢® g x 7 is

the variance for the interaction between blocks and

treatments; ¢A 1s fixed effect for Factor A.
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From the ANOVA table:

B S8 (K =1) _ MS,
SSpr (=K =1)  MS,,,
e Under Hy, this follows Fgs g, 1- Where dfl is from the

numerator (K-1) and df2 is from the denominator
(J-1)(K-1)
o Ifthe F calculated is greater than the tabular F, or if the

p-value for F calculated is less than &, reject Hy.

o The true means of the treatment in the population

are likely not all the same
o Graph the means of treatment levels
o Conduct multiple comparisons between means for

the K levels of the treatment
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SAS code and Results for example:

PROC IMPORT OUT= WORK.fishweight

DATAFILE=
"E:\frst430\lemay\examples\RCB_examples.xls"
DBMS=EXCEL REPLACE;
SHEET=""'repss$'"; GETNAMES=YES;
MIXED=NO; SCANTEXT=YES;
USEDATE=YES; SCANTIME=YES;

RUN;

options 1s=70 ps=50 pageno=1 nodate;

data fishweight2;

set fishweight;
Infishwt=log (yijk);
run;

PROC GLM data=fishweight2;

class site treatment;

model Infishwt=site treatment site*treatment;
random site site*treatment;

test h=treatment e=site*treatment;

lsmeans treatment/e=site*treatment pdiff tdiff;
output out=glmout r=resid p=predict;

run;

proc plot data=glmout;

plot resid*predict='*";

run;

proc univariate data=glmout normal plot;

var resid;

run;

* note: could use PROC MIXED instead of GLM for
this — for interest only;

PROC MIXED data=fishweight2;

class site treatment;

model 1lnfishwt=treatment;

lsmeans treatment/pdiff;

random site site*treatment;

run;
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The SAS System
The GLM Procedure

Class Level Information

Class Levels Values
Site 2 12
Treatment 3 Al A2 A3

Number of Observations Read 12
Number of Observations Used 12
The SAS System 2
The GLM Procedure
Dependent Variable: 1lnfishwt
Sum of
Source DF Squares Mean Square F Value
Model 5 1.41053220 0.28210644 21.76
Error 6 0.07777490 0.01296248
Corrected
Total 11 1.48830710
Source Pr > F
Model 0.0009
Error
Corrected Total
R-Square Coeff Var Root MSE Infishwt Mean
0.947743 5.606391 0.113853 2.030770
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Source DF Type I SS
Site 1 0.00028852
Treatment 2 1.35137097
Site*Treatment 2 0.05887271

Source

Site

Treatment

Site*Treatment
Source DF Type III SS
Site 1 0.00028852
Treatment 2 1.35137097
Site*Treatment 2 0.05887271

Source

Site

Treatment

Site*Treatment

The SAS System

Mean Square F Value
0.00028852 0.02
0.67568548 52.13
0.02943636 2.27
Pr > F
0.8863
0.0002
0.1844

Mean Square F Value

0.00028852 0.02
0.67568548 52.13
0.02943636 2.27

Pr > F
0.8863

0.0002
0.1844

The GLM Procedure

Source Type III Expected Mean Square

Site Var (Error) + 2 Var (
+ 6 Var(Site)

Treatment Var (Error) + 2 Var(
+Q (Treatment)

Site*Treatment Var (Error) + 2

Site*Treatment)

Site*Treatment)

Var (Site*Treatment)
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The SAS System 5

The GLM Procedure

Least Squares Means
Standard Errors and Probabilities Calculated Using
the Type III MS for Site*Treatment as an Error Term

Infishwt LSMEANS
Treatment LSMEAN Number
Al 1.59923241 1
A2 2.07550445 2
A3 2.41757342 3

Least Squares Means for Effect Treatment
t for HO: LSMean(i)=LSMean(j) / Pr > |t]|

Dependent Variable: 1lnfishwt
i/73 1 2 3

1 -3.9258 -6.74539
0.0592 0.0213

2 3.925799 -2.81959
0.0592 0.1061
3 6.745393 2.819594
0.0213 0.1061

NOTE: To ensure overall protection level, only
probabilities associated with pre-planned
comparisons should be used.

The SAS System 6
The GLM Procedure

Dependent Variable: 1lnfishwt
Tests of Hypotheses Using the Type III
MS for Site*Treatment as an Error Term

Source DF Type III SS Mean Square F Value
Treatment 2 1.35137097 0.67568548 22.95
Source Pr > F
Treatment 0.0417

The SAS System 7

Plot of resid*predict. Symbol used is '*'.

resid ,

1.4 1.6 1.8 2.0 2.2 2.4 2.6

predict



The SAS System 8

The UNIVARIATE Procedure
Variable: resid

Moments
N 12 Sum Weights 12
Mean 0 Sum Observations 0
Std Deviation 0.08408594 Variance 0.00707045
Skewness 0 Kurtosis -1.9620284
Uncorrected
SS 0.0777749 Corrected SS 0.0777749
Coeff Variation . Std Error Mean 0.02427352
Basic Statistical Measures

Location Variability
Mean 0 Std Deviation 0.08409
Median 2.22E-16 Variance 0.00707
Mode . Range 0.22314
Interquartile Range 0.15793

Tests for Location: Mu0=0

Test -Statistic-  -———- p Value--——---—-
Student's t t 0 Pr > |t| 1.0000
Sign M 0 Pr >= |M| 1.0000
Signed Rank S 0 Pr >= |S| 1.0000
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Tests for Normality

Test --Statistic--- ---p Value----
Shapiro-Wilk W 0.871142 Pr<w 0.0676
Kolmogorov-Smirnov D 0.19756 Pr>D >0.1500
Cramer-von Mises W-Sg 0.1182 Pr>W-Sg 0.0563

Anderson-Darling A-Sq 0.672686 Pr>A-Sqg 0.0611

Quantiles (Definition 5)

Quantile Estimate
100% Max 0.1115718
99% 0.1115718
The SAS System 9

The UNIVARIATE Procedure
Variable: resid

Quantiles (Definition 5)

Quantile Estimate
95% 0.1115718
90% 0.0911608
75% Q3 0.0789632
50% Median 0.0000000
25% 01 -0.0789632
10% -0.0911608

% -0.1115718
1% -0.1115718

0% Min -0.1115718



Extreme Observations OPTIONAL — FOR INTEREST ONLY
The SAS System 11
——————— Lowest——-—-—--- —-——-—---Highest------
The Mixed Procedure
Value Obs Value Obs
Model Information
-0.1115718 7 0.0588915 9
-0.0911608 2 0.0667657 3 Data Set WORK.FISHWEIGHT?2
-0.0911608 5 0.0911608 1 Dependent Variable Infishwt
-0.0667657 4 0.0911608 6 Covariance Structure Variance Components
-0.0588915 10 0.1115718 8 Estimation Method REML
Residual Variance Method Profile
Stem Leaf # Boxplot Fixed Effects SE Method Model-Based
11 1 | Degrees of Freedom Method Containment
0 6799 4 R +
0 4 1 *o—p——k
-0 4 1 | |
-0 9976 4 FE— i Class Level Information
-1 1 1 |
[l St St il Class Levels Values
Multiply Stem.Leaf by 10**-1
Site 2 12
Treatment 3 Al A2 A3
The SAS System 10
The UNIVARIATE Procedure Dimensions
Variable: resid
Covariance Parameters 3
Normal Probability Plot Columns in X 4
0.125+ +H++*+
| * ok ppk ok Columns in Z 8
| +EA+ Subjects 1
' T Max Obs Per Subject 12
| Kppk gk ok
-0.125+ +F 4+
e S S R — Number of Observations
-2 -1 0 +1 +2
Number of Observations Read 12
Number of Observations Used 12
Number of Observations Not Used 0
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Iteration History

Iteration Evaluations -2Res LogLike Criterion
0 1 -7.96941039
1 3 -8.14751521
0.00045738
2 2 -8.15260197
0.00000806
3 1 -8.15270255
0.00000000
The SAS System 12
The Mixed Procedure
Convergence criteria met.
Covariance Parameter
Estimates
Cov Parm Estimate
Site 0
Site*Treatment 0.003378
Residual 0.01296
Fit Statistics
-2 Res Log Likelihood -8.2
AIC (smaller is better) -4.2
AICC (smaller is better) -2.2
BIC (smaller is better) -6.8
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Type 3 Tests of Fixed Effects

Num Den
Effect DF DF F Value Pr > F
Treatment 2 2 34.27 0.0284

Least Squares Means

Standard
Treatment Estimate Error DF t Value Pr > |t]
Treatment Al 1.5992 0.07021 2 22.78 0.0019
Treatment A2 2.0755 0.07021 2 29.56 0.0011
Treatment A3 2.4176 0.07021 2 34.43 0.0008
Differences of Least Squares Means
Standard
Effect Treatments Estimate Error DF t Value
Treatment Al A2 -0.4763 0.09929 2 -4.80
Treatment Al A3 -0.8183 0.09929 2 -8.24
Treatment A2 A3 -0.3421 0.09929 2 -3.45

Differences of Least Squares Means

Effect Treatments Pr > |t
Treatment Al A2 0.0408
Treatment Al A3 0.0144

Treatment A2 A3 0.0749
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Latin Square (LS) With One Fixed-Effects Factor
REF: Neter et al., Chapter 26 (White-newest edition) or
Chapter 28 (Blue — older edition in the library)

Introduction and Example

¢ In RCB, treatments are assigned randomly, but only
within blocks of treatments; blocking is in “one”
direction

e The Latin Square Design extends grouping of
experimental units to two variables. For example,
two sites may represent north versus south facing
stands, and there might be a moisture gradient within
sites

e Treatments are randomly assigned in two directions;

treatment appears once in every row and every column
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Example:

Response variable: average 5-year height growth in each

experimental unit (plot) in cm

Treatments: four different species, Al to A4

Nutrient Gradient from East to West; Moisture Gradient

from North to South

Means
A2=40 | A1=35 A4=53 | A3=47 | 43.75
A4=48 A3=46 | A2=39 | A1=34| 41.75
Al1=27 | A4=53 A3=45 | A2=41 41.50
A3=44 | A2=39 Al=31 | A4=52 | 41.50
‘ Means | 39.75 43.25 42.00 43.50 | 42.125

Treatment Means:

Al: 31.75 A2:39.75 A3:45.50 A4:51.50

16 experimental units
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Comparison of Degrees of Freedom for CRD,
RCB, LS for 16 experimental units, 4 treatments,
J=K=L=4 blocks (rows/columns)

Source CRD Source RCB  Source LS
Treatment| 3 Treatment | 3 Treatment | 3
Block 3 Row 3

Column 3

Error 12 Error 9 Error 6
Total 15 Total 15 Total 15

e Lose degrees of freedom for the error with blocking,

and even more with latin square

e Therefore, only block (one or two directions), if this

will reduce the variance of the error term

e Analysis is similar to a 3-factor experiment, for the

Main Effects, only — no interactions

e Rows and Columns are considered “nuisance

variables” to reduce variation in the response variable

—not really of interest.

Notation, Assumptions, and Transformations

Models

Population: Vju =H T T, tTp T T &5

Yk = response variable measured on Row j , Column /
and treatment k

k=1 to K treatments; j=1 to J rows; /=1 to L columns;
J=K=L

M = the grand or overall mean regardless of treatment or
blocking

T 4 = the treatment effect for k
Tr; = the row effect for row j
Tci = the column effect for column /

€= 1s defined as:

Eim = Viu —(u+7,, + Ty +7q)
Same as for a 3-factor crossed experiment, BUT all
interactions are assumed to be zero.



For the experiment:
Vg = Voo TTap T T+ T T €y
V..o = the grand or overall mean of all measures from the

experiment regardless of treatment; under the assumptions
for the error terms, this will be an unbiased estimate of 4
Yt = the mean of all measures for a particular treatment k
Y jee = the mean of all measures from the experiment for a
particular row j

Yeo; = the mean of all measures from the experiment for a
particular column /

T 4> Trj» Ty =under the error term assumptions, will be

unbiased estimates of corresponding treatment effect or
row and column effects for the population

¢,y = is defined as:
ejkl = (yjkl _.)_;ooo)_(.)_/joo _.)_;ooo)_(.)_/oko _yooo)
_(,)_;o-l _J_;ooo)

:yjkl _,)—;j-o_yoko_.)_}ool—i_.)_}oo-

n,=K>=JL
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Partition the total variation in y:

K
SSy :SST = Z(yjk[ _)_;...)2 :JZ(J_;QI{. _.)_;000)2
k=1

all units

J L
+KZ(J_/J'.._)_)QQQ)2 +J2(yool_)_;ooo)2
J=1 =1

+ Z(yjkl _.)_/joo _.)_;oko _.)_/ool +2)_}ooo)2

all units

SS = SS, + SS, + SS. + SSE

y

Analysis of Variance Table: Assuming that all are fixed-
effects.

Source Df SS | MS |F
Treatment | K-1 SStr | MStr | MStr/MSE
Row J-1 SSr | MSr | MSr/MSE
Column L-1 SSC MSC MSc/MSE
Error (K-1)(J-2) | SSE | MSE

Total JK-1 SS,

NOTE: May be more reasonable to consider Rows and
Columns as random-effects, and Treatment as fixed-effects.
For Latin Square, we assume that all interactions are 0.
Therefore, the F-tests would be the same as for all fixed-
effects.



Hypotheses and Tests:
Treatment:  HO: Heje = Heze = Heze """ = Hago

(all treatment means are the same and all

treatment effects equal zero)
H1: treatment means are not all
equal
Test: FK-I, df(error) — MSTR/MSE

Can test Row effects and Column effects, but these are
really not of interest.

If there are differences among treatment means:

e you might wish to test which means differ using t-
tests for pairs of treatments (must divide o by the no.
of pairs) or a multiple comparison test (like Scheffé’s
test).

e Use the MSE from the ANOVA table for each of
these.

Confidence intervals for treatment means (also use the
MSE from the ANOVA):

MSE

Yoo T Lo 12.df (error) 7
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Example, SAS code, and Results

Data Organization for Analysis within SAS:

Row Column Treatment Response

40
35
53
47
48
46
39
34
27
53
45
41
44
39
31
52

AARADRWWWWNNNNR R R PR
RWNRPAWNRPRAONRRAWNR
ARPNWONWRARRPNWRWARN
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SAS Code:

PROC IMPORT OUT= WORK.htgrowth
DATAFILE=

"E:\frst430\lemay\examples\latin square.xls"
DBMS=EXCEL REPLACE; SHEET=""'datas$'";
GETNAMES=YES; MIXED=NO;
SCANTEXT=YES; USEDATE=YES;

SCANTIME=YES;
RUN;
options 1s=70 ps=50 pageno=1 nodate;

* can get simple means by sorting and then using
proc means;

proc sort data=htgrowth;

by row;

run;

proc means data=htgrowth mean;
var response;

by row;

run;

proc sort data=htgrowth;
by column;
run;

proc means data=htgrowth mean;
var response;

by column;

run;

proc sort data=htgrowth;
by treatment;
run;

proc means data=htgrowth mean;
var response;

by treatment;

run;
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* note using ht growth results in some unequal

variance. Using logarithm of height
growth to fix this. ©Need to calculate it;

data htgrowth2;

set htgrowth;
Inhtgrowth=log (response) ;
run;

PROC GLM data=htgrowth2;

class row column treatment;

model Inhtgrowth=row column treatment;
random row column;

lsmeans treatment/pdiff tdiff;

output out=glmout r=resid p=predict;
run;

proc plot data=glmout;
plot resid*predict='*"';
run;

proc univariate data=glmout normal plot;
var resid;
run;
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The SAS System e b Column=1 --————-————————————-

———————————————————— Row=l —-——--—-————-—-—————————- The MEANS Procedure
The MEANS Procedure
Analysis Variable : Response Response Analysis Variable : Response Response
Mean Mean
43.7500000 $39.7500000
———————————————————— Row=2 —-—-————-—---"—————-—-————— -——————————--—-——----—— Column=2 -————-————————————-
Analysis Variable : Response Response Analysis Variable : Response Response
Mean Mean
41.7500000 43.2500000
——————————————————— Row=3 —-—-—-—-———==--—"—"————-—"——————— -————-————---—-—------ Column=3 -—-————-————————————-—-
Analysis Variable : Response Response Analysis Variable : Response Response
Mean Mean
41.5000000 42.0000000
———————————————————— Row=4 ———--—-————-——————————————— -—————————--—-——--———-- Column=4 --—---———-————-—————
Analysis Variable : Response Response Analysis Variable : Response Response
Mean Mean
©41.5000000 43.5000000
The SAS System W

369 370



The SAS System 15

——————————————————— Treatment=1l ---—-—---—-—----——-—-—-

The MEANS Procedure

Analysis Variable : Response Response

Analysis Variable : Response Response

Analysis Variable : Response Response

Analysis Variable : Response Response

The SAS System 1

The SAS System
The GLM Procedure

Class Level Information

Class Levels
Row 4
Column 4
Treatment 4

Number of Observations Read
Number of Observations Used

The SAS System
The GLM Procedure

Dependent Variable: lnhtgrowth NOTE:
height growth was used.

Values

= e
N NN
w W w
NN

16
16

logarithm of

Sum of
Source DF Squares Mean Square F Value
Model 9 0.56035540 0.06226171 24.63
Error 6 0.01516796 0.00252799
Corrected
Total 15 0.57552336
Source Pr > F
Model 0.0005
Error

Corrected Total
R-Square Coeff Var Root MSE 1nht

0.973645 1.350370 0.050279

growth Mean

3.723361



The SAS System

Source DF Type I SS Mean Square F Value
The GLM Procedure
Row 3 0.01111319 0.00370440 1.47 Least Squares Means
Column 3 0.02547050 0.00849017 3.36
Treatment 3 0.52377171 0.17459057 69.06 Inhtgrowth LSMEAN
Treatment LSMEAN Number
Source Pr > F
1 3.45288316 1
Row 0.3152 2 3.68239370 2
Column 0.0964 3 3.81741028 3
Treatment <.0001 4 3.94075714 4
Source DF Type III SS Mean Square F Value Least Squares Means for Effect Treatment
t for HO: LSMean (i)=LSMean(j) / Pr > |t|
Row 3 0.01111319 0.00370440 1.47
Column 3 0.02547050 0.00849017 3.36 Dependent Variable: lnhtgrowth
Treatment 3 0.52377171 0.17459057 69.06
i/3 1 2 3 4
Source Pr > F 1 -6.4555 -10.2531 -13.7225
Row 0.3152 0.0007 <.0001 <.0001
Column 0.0964
Treatment <.0001 2 6.455497 -3.79764 -7.26705
0.0007 0.0090 0.0003
The SAS System 7
3 10.25314 3.797643 -3.46941
The GLM Procedure <.0001 0.0090 0.0133
Source Type III Expected Mean Square 4 13.72255 7.267049 3.469406
<.0001 0.0003 0.0133
Row Var (Error) + 4 Var (Row)
Column Var (Error) + 4 Var (Column)
Treatment Var (Error) + Q(Treatment) NOTE: To ensure overall protection level, only

probabilities associated with pre-planned
comparisons should be used.
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The SAS System

Plot of resid*predict. Symbol used is

resid ,

predict

(]
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The SAS System 10
The UNIVARIATE Procedure
Variable: resid

Moments
N 16 Sum Weights 16
Mean 0 Sum Observations 0
Std Deviation 0.03179933 Variance 0.0010112
Skewness -0.5578556 Kurtosis -0.32220064
Uncorrected SS 0.01516796 Corrected SS 0.01516796

Coeff Variation Std Error Mean 0.00794983

NOTE: some outputs on basic statistics for
residuals was removed.

Tests for Normality
Test --Statistic--- = -—-——- p Value---
Shapiro-Wilk W 0.950408 Pr
Kolmogorov-Smirnov D 0.180548 Pr

Cramer-von Mises W-Sgq 0.053763 Pr
Anderson-Darling A-Sg 0.33663 Pr

W 0.4962
D >0.1500
W-Sq >0.2500
A-Sq >0.2500

vV V.V A

Quantiles (Definition 5)

Quantile Estimate
100% Max 0.04522920
99% 0.04522920
95% 0.04522920
90% 0.03742738
75% Q3 0.02610986
50% Median -0.00217353
25% Q1 -0.01606276
10% -0.04703827
5% -0.06694173
1% -0.06694173
0% Min -0.06694173
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Extreme Observations

——————— Lowest—-—-----— ------Highest------
Value Obs Value Obs
-0.0669417 1 0.0252053 14
-0.0470383 12 0.0270144 5
-0.0348162 6 0.0285595 2
-0.0189486 10 0.0374274 4
-0.0131769 7 0.0452292 9
Stem Leaf # Boxplot
45 1 |
2 115797 6 t-———
01 1 |+
-0 93195 5 Kem
-2 5 1 |
-4 7 1 |
-6 7 1 |
————t————t -1
Multiply Stem.Leaf by 10**-2
The SAS System 12
The UNIVARIATE Procedure
Variable: resid
Normal Probability Plot
0.05+ +H+++*
| koK Kk pk kg
\ A+
-0.01+ * kR pkx
\ Xttt
\ FHtttx
=0.07++++++++*
e s Rttt T e
-1 0 +1 +2
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Split-Plot Experiments

REF: Neter et al., Ch 27.6 (white book, newest edition); or

Chapter 29.6 (blue book); Freese pp. 45 to 50.

Introduction

¢ As with factorial experiments, treatments can be
combinations of more than one factor

¢ In a split-plot experiment, the experimental unit (called
the “whole-plot” for one factor is subdivided, and the
second factor is applied to the subdivided experimental
unit (called the “split” plot).

e Canbe a CRD or RCB

o Split-split plot experiment: one Factor is applied to the

whole experimental unit, the second Factor is applied to
a sub-divided experimental unit (split-plot), and for the
third factor, the split-plot is divided once more. For
more on this, see “Fundamental concepts in the design of

experiments” by Charles R. Hicks.
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Example from Freese: Randomized Block Design, with
two factors, but using a split-plot for the second factor
Four plantation areas of each 12 acres (imperial units) each
were selected (blocks; I, II, IIT and IV). Each was divided
into two areas (whole plot of 6 acres each), and a burning
treatment (A or B) was randomly assigned to the 2 areas in
each block. Each experimental unit was then sub-divided
into six areas (split-plot, 1 acre each), and planting date
(a,b,c,d,e,f) was randomly assigned to each split-plot In
each split-plot, 1 pound of seeds were sown. At the end of
the first growing season, the number of seeds were counted.

(see schematic on page 45 of the Freese book).

Main questions:
4. Is there an interaction between Factors?
5. If there is an interaction, look at treatment means for
differences.
6. If there is no interaction:
a. Are there differences between levels for Factor
A?
b. Are there differences between levels for Factor

B?
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Model for a 2-factor RCB, split-plot
The model is a like a 2-factor RCB except that we will
divide the effects into whole plot versus split plot.

Population:

Vit = Moo TTo1k ; T Tk T Tpiscaje T T8 T Tapu T € u

Yju = response variable measured on block j and subunit
ki

j=1 to J blocks; k=1 to K levels for Factor A (whole plot);
[=1 to L levels for Factor B (split-plot)

Definition of terms follows other designs, except that:

T BLKxA Jjk 1s considered “Error 17, the whole plot error;
and

€ 11 is considered “Error 27, the subunit (i.e., split-plot)

CIror.

Partition SS,;:

SS, =SSy, +SS, + S,y + S, + 55,5+ S5,

whole plot split or sub-plot
Block x Block x subunit
main plot interaction
interaction (nested in main
plot)

Two error terms for Factors A and B both fixed:
. whole plot error (Error 1) to test Factor A, and

. split-plot error (Error 2) to test interaction between A
and B and to test B.

D V=) =KLY (3,0 —7.0)

1 /=1 =

M-
M~

T
.
I

J

+JLZ(y.k. Vrd) +LZZ(y,k. Voo = Pata F Fad)

k=1 J=1

L
FIKD (Far) = Vur)’ +JZZ@.H = Vuke = Vaut T Fura)’
I=1

j=1 k=1
J K L ,
+Zzz(yjkl _yjko _yokl +yoko)
j=1 k=1 I=1

[There are also “working formulae” for easier hand
calculations in many textbooks]



Degrees of Freedom:

SS BLK
SS |
SS
NOTE

degrees

SS
SS AXB
SS E2
NOTE

degrees
SS

y

J -1

K -1 whole plot

(J -D(K -1)
: Whole plots together have JK —1
of freedom

(L -1)

(K -1)(L-1) split plot

K(J-1)(L-1)
: Split plots together

of freedom

JKL -1

Analysis of Variance Table (for Split-Plot RCB)

Source df SS MS
Block J-1 SSprk | MSprk
Factor A K-1 SSA  |[MSa
Exp. Err. #1 | (J-1)(K-1) |SSg; |MSg;
Factor B L-1 SSg | MS3
AxB (K-l)(L-l) SSaxs 1 MSaxs
EXp. Err. #2 K(J—l)(L—l) SSE2 MSE2
Total JKL-1

have JK (L —1)

What are the appropriate F-tests?

e Depends upon which are fixed and which are random-

effects.

e Then, need the expected means squares in order to

decide this.



Expected Mean Square Values for Model for a 2-factor
RCB, split-plot:

Organization of Example Data for Analysis using a
Statistics Package:

Mean Both A and B are | Both A and B are Random;
Square | Fixed; Blocks are |Blocks are Random
Random

2 2
?BI/E)SCSK) KLop 0-522 +Lo, +KL O-BLKz
1(?\/18 ) LGSIZ +¢,” O'g22+L0'612+JLO'A2+JO'Asz

A

Error 2 : 2
I(MSEl) LO—&‘I 0-52 + Lo-sl
B 2 2 2 2
(MSs) o, +¢, o, +JKo, +Jo,,
AXB 2 2 2
(MSAB) 0-52 + ¢A><B O-SZ + JO_AXB
Error 2 2 2
(MSEEz) 662 6.&‘2

K
Z Taj

*o, +¢,=0, T JL k; ] when the number of observations (n)

are all equal. Similar values for other fixed effects.
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Block Burn_Type Date yjkl
I A a 900
I A b 880
I A c 1530
I A d 1970
I A e 1960
I A f 830
I B a 880
I B b 1050
I B c 1140
I B d 1360
I B e 1270
I B f 150
1T A a 810
IT A b 1170
II A c 1160
II A d 1890
IT A e 1670
IT A f 420
1T B a 1100
IT B b 1240
1T B c 1270
IT B d 1510
II B e 1380
II B f 380
I1I A a 760
I1IT A b 1060
I1T A c 1390
I1T A d 1820
I1T A e 1310
I1I A f 570
I1I B a 960
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IIT B b 1110 SAS code for Freese example:

111 B c 1320

I1I B d 1490

III B e 1500 PROC IMPORT OUT= WORK .seedlings

ITI B f 420 DATAFILE= "E:\frst430\lemay\examples\split-plot. XLS"
IV A a 1040 DBMS=EXCEL REPLACE;

IV A b 910 SHEET="data$"; GETNAMES=YES;

IV A c 1540 MIXED=NO; SCANTEXT=YES;

v A d 2140 USEDATE=YES; SCANTIME=YES;

IV A e 1480 RUN;

v A f 760

v B a 1040 options 1s=70 ps=50 nodate pageno=1;

v B b 1120 run;

v B c 1080

v B d 1270 PROC GLM data=seedlings;

IV B e 1450 TITLE 'split plot, blocks random, treatments fixed';
v B f 270 CLASS block burn_type date;

MODEL yjkl=block burn_type block*burn_type date
date*burn_type;

Test h=burn_type e=block*burn_type;

LSMEANS burn_type/e=block*burn_type tdiff pdiff;
LSMEANS date burn_type*date/tdiff pdiff;
OUTPUT OUT=GLMOUT PREDICTED=PREDICT
RESIDUAL=RESID;

RUN;

PROC PLOT DATA=GLMOUT;
PLOT RESID*PREDICT="*";
RUN;

PROC UNIVARIATE DATA=GLMOUT PLOT NORMAL;

VAR RESID;
RUN;
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SAS output for Freese Example:

split pl

ot, blocks random,

treatments fixed

The GLM Procedure

Class Level Information

Class Levels Values

Block 4 I ITI IIT IV

Burn Type 2 A B

Date 6 abcdef
Number of Observations Read 48
Number of Observations Used 48

split plot, blocks random,

treatments fixed

The GLM Procedure

Dependent Variable: yjkl yjkl
Sum of
Source DF Squares Mean Square F Value
Model 17 8833968.750 519645.221 30.83
Error 30 505679.167 16855.972
Corrected
Total 47 9339647.917
Source Pr > F
Model <.0001
Error
Corrected Total
R-Square Coeff Var Root MSE yjkl Mean
0.945857 11.18225 129.8306 1161.042
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Source DF Type I SS Mean Square F Value
Block 3 6856.250 2285.417 0.14
Burn Type 1 369252.083 369252.083 21.91
Block*Burn Type 3 271389.583 90463.194 5.37
Date 5 7500085.417 1500017.083 88.99
Burn Type*Date 5 686385.417 137277.083 8.14
Source Pr > F
Block 0.9380
Burn_Type <.0001
Block*Burn_Type 0.0044
Date <.0001
Burn Type*Date <.0001
split plot, blocks random, treatments fixed
The GLM Procedure
Dependent Variable: yjkl yvikl
Source DF Type III SS Mean Square F Value
Block 3 6856.250 2285.417 0.14
Burn_ Type 1 369252.083 369252.083 21.91
Block*Burn_ Type 3 271389.583 90463.194 5.37
Date 5 7500085.417 1500017.083 88.99
Burn Type*Date 5 686385.417 137277.083 8.14
Source Pr > F
Block 0.9380
Burn_ Type <.0001
Block*Burn_ Type 0.0044
Date <.0001
Burn Type*Date <.0001
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Tests of Hypotheses Using the Type III
MS for Block*Burn Type as an Error Term

Source DF Type III SS Mean Square F Value
Burn Type 1 369252.0833 369252.0833 4.08

Tests of Hypotheses Using the Type III MS for
Block*Burn Type as an Error Term

Source Pr > F

Burn Type 0.1366

split plot, blocks random, treatments fixed

The GLM Procedure
Least Squares Means
Standard Errors and Probabilities Calculated Using the
Type III MS for Block*Burn Type as an Error Term
HO:LSMeanl=LSMean2

Burn_ Type yjkl LSMEAN t Value Pr > |t]
A 1248.75000 2.02 0.1366
B 1073.33333

The GLM Procedure
Least Squares Means

LSMEAN
Date yjkl LSMEAN Number
a 936.25000 1
b 1067.50000 2
c 1303.75000 3
d 1681.25000 4
e 1502.50000 5
f 475.00000 6

Least Squares Means for Effect Date
t for HO: LSMean (i)=LSMean(j) / Pr > |t]|

Dependent Variable: yjkl

i/4 1 2 3 4 5

1 -2.02187 -5.66123 -11.4765 -8.72291 .105415
0.0522 <.0001 <.0001 <.0001 <.0001

2 2.021866 -3.63936 -9.45463 -6.70104 9.127282
0.0522 0.0010 <.0001 <.0001 <.0001
3 5.661225 3.639359 -5.81527 -3.06168 12.76664
<.0001 0.0010 <.0001 0.0046 <.0001
4 11.4765 9.454631 5.815272 2.753589 18.58191
<.0001 <.0001 <.0001 0.0099 <.0001
5 8.722908 6.701042 3.061683 -2.75359 15.82832
<.0001 <.0001 0.0046 0.0099 <.0001

6 -7.10542 -9.12728 -12.7666 -18.5819 -15.8283
<.0001 <.0001 <.0001 <.0001 <.0001

NOTE: To ensure overall protection level, only
probabilities associated with pre-planned comparisons
should be used.



Burn Type

Wowwwww»

i/3

2

10
11

12

Date

HOQQO®HOQQOTW

877.
1005.
1405.
1955.
1605.

645.

995.
1130.
1202.
1407.
1400.

305.

yjkl LSMEAN

50000
00000
00000
00000
00000
00000
00000
00000
50000
50000
00000
00000

LSMEAN
Number

W J oUW

Least Squares Means for Effect Burn Type*Date

t for HO:

1.388827
0.1751
5.745933
<.0001
11.73695
<.0001
7.924486
<.0001
-2.53257
0.0168
1.2799
0.2104
2.750423
0.0100
3.540148
0.0013
5.773165
<.0001
5.691469
<.0001
-6.23611
<.0001

LSMean (i) =LSMean (j) / Pr >
Dependent Variable: yjkl
2 3 4 5
-1.38883  -5.74593 -11.737  -7.92449
0.1751 <.0001 <.0001 <.0001
-4.35711 -10.3481  -6.53566
0.0001 <.0001 <.0001
4.357106 -5.99102 -2.17855
0.0001 <.0001 0.0374
10.34813 5.99102 3.812467
<.0001 <.0001 0.0006
6.535658  2.178553  -3.81247
<.0001 0.0374 0.0006
-3.9214 -8.2785 -14.2695 -10.4571
0.0005 <.0001 <.0001 <.0001
-0.10893  -4.46603 -10.4571  -6.64459
0.9140 0.0001 <.0001 <.0001
1.361595 -2.99551  -8.98653  -5.17406
0.1835 0.0055 <.0001 <.0001
2.151321  -2.20578 -8.1968  -4.38434
0.0396 0.0352 <.0001 0.0001
4.384338  0.027232 -5.96379  -2.15132
0.0001 0.9785 <.0001 0.0396
4.302642 -0.05446 -6.04548  -2.23302
0.0002 0.9569 <.0001 0.0332
-7.62493 -11.982  -17.9731 -14.1606
<.0001 <.0001 <.0001 <.0001

6

2.532568
0.0168
3.921395
0.0005
8.278501
<.0001
14.26952
<.0001
10.45705
<.0001

3.812467
0.0006
5.282991
<.0001
6.072716
<.0001
8.305733
<.0001
8.224037
<.0001
-3.70354
0.0009

393

The GLM Procedure
Least Squares Means

Least Squares Means for Effect Burn Type*Date

t for HO:

i/3 7

1 -1.2799 -
0.2104
2 0.108928
0.9140
3 4.466033
0.0001
4 10.45705
<.0001

5 6.644586 5
<.0001

6 -3.81247 -
0.0006

7 -
8 1.470523
0.1518

9 2.260249 0
0.0312

10 4.493265 3
<.0001

11 4.411569 2
0.0001

12 -7.51601 -
<.0001

NOTE: To ensure overall protection level,

LSMean (i) =LSMean (j)

Dependent Variable:

8 9
2.75042 -3.54015
0.0100 0.0013
-1.3616 -2.15132
0.1835 0.0396
2.99551 2.205785
0.0055 0.0352
8.98653 8.196805
<.0001 <.0001
.174063 4.384338
<.0001 0.0001
5.28299 -6.07272
<.0001 <.0001
1.47052 -2.26025
0.1518 0.0312
-0.78973
0.4359

.789725

0.4359
.022742 2.233017
0.0051 0.0332
.941046 2.151321
0.0062 0.0396
8.98653 -9.77626
<.0001 <.0001

10

-5.77316
<.0001
-4.38434
0.0001
-0.02723
0.9785
5.963788
<.0001
2.151321
0.0396
-8.30573
<.0001
-4.49327
<.0001
-3.02274
0.0051
-2.23302
0.0332

-0.0817
0.9354
-12.0093
<.0001

/ Pr >

yikl

11

-5.69147
<.0001
-4.30264
0.0002
0.054464
0.9569
6.045484
<.0001
2.233017
0.0332
-8.22404
<.0001
-4.41157
0.0001
-2.94105
0.0062
-2.15132
0.0396
0.081696
0.9354

-11.9276
<.0001

only

It

12

6.236107
<.0001
7.624935
<.0001
11.98204
<.0001
17.97306
<.0001
14.16059
<.0001
3.70354
0.0009
7.516007
<.0001
8.98653
<.0001
9.776256
<.0001
12.00927
<.0001
11.92758
<.0001

probabilities associated with pre-planned comparisons

should be used.



RESID
300

200

100

-100

-200

-300

NOTE:

>

P T P S

s s o~~~

vx~

2

Plot of RESID*PREDICT.

split plot, blocks random,

* * * ok
*
* * * %
*x x *x
* *
* * *
*
*
*
*x
* *
*
*
*
*
*
500 1000 1500
PREDICT

obs hidden.

treatments fixed

Symbol used is '*'.

395

split plot, blocks random,

N
Mean
Std Deviation
Skewness
Uncorrected

SS
Coeff Variation

The UNIVARIATE Procedure

NOTE: some outputs removed

Te

Test

Shapiro-wilk

Kolmogorov-Smirn
Cramer-von Mises
Anderson-Darling

treatments fixed

Variable: RESID
Moments
48 Sum Weights 48
0 Sum Observations 0
103.726232 Variance 10759.1312
-0.0730794 Kurtosis 0.26668103
505679.167 Corrected SS 505679.167
Std Error Mean 14.971592
sts for Normality
--Statistic---  ----—- p Value---
W 0.973694 Pr < W 0.3503
ov D 0.102576 Pr > D >0.1500
W-Sg 0.087186 Pr > W-Sqg 0.1671
A-Sg 0.518069 Pr > A-Sqg 0.1877

The UNIVARIATE Procedure
RESID

Variable:

Quantiles (Definition 5)

Quantile Estimate
100% Max 258.7500
99% 258.7500
95% 152.0833
90% 122.0833
75% Q3 56.2500
50% Median 20.2083
25% Q1 -76.8750
10% -162.9167
5% -187.9167
1% -221.2500
0% Min -221.2500
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—————— Lowest----- -----Highest-----
Value Obs Value Obs
-221.250 2 122.083 40
-197.917 29 127.083 17
-187.917 41 152.083 26
-182.917 15 227.083 14
-162.917 18 258.750 5
Stem Leaf # Boxplot
26 1 0
23 1 |
15 1 |
1 023 3 |
0 556678889 9 o +
0 002222333444 12 O
-0 4322110 7 \ |
-0 998876 6 e +
-1 00 2 |
-1 9866 4 |
-2 20 2 |
e e
Multiply Stem.Leaf by 10**+2
The UNIVARIATE Procedure
Variable: RESID
Normal Probability Plot
275+ *
| * ottt
| +H 4+
| +xE
| KKKk Kk
25+ KK KKk Kk
| KKK K
ok ok kK
| x4
| PR
=225+ ++*++
B it T et e
-2 -1 0 +1 +2

Extreme Observations

CRD: Two Factor Experiment, Both Fixed Effects, with
Second Factor Nested in the First Factor

REF: Neter et al., 4" edition, chapter 28.1; not in the

Freese Handbook

Introduction and Example

e In a CRD with two factors, a crossed design shows that
all levels of Factor A are crossed with all levels in Factor
B. Example:

o Response is weight gain

o Factor A: Salmon or Trout

o Factor B: no warming; warmed 1 degree C;
warmed 2 degrees C.

o Treatments: 6 treatments; all combinations of

Factor A crossed with Factor B.
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¢ A nested design is when Factor B has different levels,
depending on which level of Factor A.
o Response: Weight gain
o Factor A: Salmon or Trout
o Factor B:
* For Salmon: No warming; warmed 2 degree
= For Trout: No warming; warmed 1 degrees C

e Both CRD and nested designs have “No warming”, but

C

the levels of warming differ by Factor A (species) for the

nested design.
e Sometimes it is difficult to decide if the experiment is

crossed or nested. For example:

o For the experiment, could evaluate this as Factor A,

Salmon or Trout crossed with Factor B, Not
warmed or warmed, where the level of warming

differs slightly by species.

Main questions

7. Is there a difference
a. Between Factor A means?
b. Between Factor B means, within Factor A?
c. Not able to look at the interaction between Factors

as there is nesting of B within A.

8. If there are differences:

a. Which levels of Factor A means differ?

b. Which levels of Factor B within Factor A differ?
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Notation, Assumptions, and Transformations

Models

If this were a crossed experiment (Factorial), for two
factors, we would have:

Population: Vix =H T T4, T Tp T T g, TE,

However, for a nested experiment, we have:

Population: Vix =H T T4; T Tpy T Ep

We cannot separate get the interaction between Factor A
and B, since we do not have all levels of B for every level
of A (nested, not crossed).

Yiik = response variable measured on experimental unit i
and Factor A level j. and Factor B level &

j=1 to J levels for Factor A; k=1 to K levels for Factor B
(nested in Factor A)

M = the grand or overall mean regardless of treatment
7 4= the treatment effect for Factor A, level j

Tur(j) = the treatment effect for Factor B, level £, nested in
Factor A.

€ = the difference between a particular measure for an
experimental unit 7, and the mean for a treatment:

Eie = Vi — (u+ Ty T TBk(_j))

401

For the experiment:
Vik = Voo Ty, TTpjy T €5

V... = the grand or overall mean of all measures from the
experiment regardless of treatment; under the assumptions
for the error terms, this will be an unbiased estimate of
Y. = the mean of all measures from the experiment for a
particular treatment jk

V.= the mean of all measures from the experiment for a
particular level j of Factor A (includes all data for all levels
of Factor B)

Yeor = the mean of all measures from the experiment for a

particular level k of Factor B (includes all data for all levels
of Factor A)

T 4> Tai(j) = under the error term assumptions, will be

unbiased estimates of corresponding treatment effects for
the population

€;+ = the difference between a particular measure for an
experimental unit 7, and the mean for the treatment jk that
was applied to it

€ = Vi — Veir
n;= the number of experimental units measured in

treatment jk
nr = the number of experimental units measured over all

K J
treatments = Z Z i

k-1 j=1
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Assumptions and Transformations:

As with other designs, we need to meet the assumptions
that 1) the observations are independent; ii) the variances by
treatments are all equal (residual plot); and iii) the errors
are normally distributed (normality plot and normality

tests).

If these are not met, we would transform the response
variable and check the assumptions for the transformed y-
variable. Interpretation of all hypothesis tests and
calculation of confidence intervals would be based on the

analysis where the assumptions were met.
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In a crossed experiment,
SSy = 8§, + SSE

And for two-factors, 887 is divided into:
SS,.,= SSA + SSB + SSAB

For a nested experiment with two factors, where
Factor B is nested in Factor A:

SS..= SSA + SSB(A)
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Sums of Squares

SSy: The sum of squared differences between the
observations and the grand mean (same as two-factor

crossed experiment)

n

K J
SSy=3"33 (v - v df =n,—1
2.2

=1 j=1 i=l

SSA4: Sum of squared differences between the level means
for factor A and the grand mean, weighted by the number
of experimental units for each treatment (same as for the

crossed experiment):

$SA=3"3n, (5.~} df =J-1

K J
k=1 j=I

SSB(A): Sum of squared differences between the level
means for Factor B with each level of Factor A, and the

mean and mean of all observations for that level of Factor

405

A, weighted by the number of experimental units for each

treatment:

K J 2
SSB(A) =3 > Py = 7.1.)  df =J(K-1)
k=1 j=1
SSE: Sum of squared differences between the observed
values for each experimental unit and the treatment means
(same as for crossed experiments):

5

1 j=1 i=I

" jk

SSE = Wy =30 f A =n—uK

K
k=
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Expected Mean Squares and F-tests for Nested Design,

Both Factors Fixed:
Source | SS MS EMS F
A SSA MSA o . F=MSA/MSE
& A
S84
J -1
B (A) |SSB(A)| MSB(A) o 2 + ¢ . F=MSB(A)/MSE
_SSB(4) | ¢ TP
J(K—-1)
Error |SSE MSE o 2
_ SSE ’
n, —JK

2 2 i
J=1
x0, +¢,=0, +nk T-1 when the number of observations (n)

are all equal.

2
** 0, +¢B(A):O-“’ +tn

J
Z Taj

K J
ZZTBk(Aﬂ

k=1 j=I1

observations (n) are all equal.

J(K —1)

when the number of
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Comparison of Factorial (Crossed) versus Nested
experiments, with J=3, K=3 and n;=4 observations per
treatment

Factorial Exp. Nested Exp.
Source DoF Source DoF
Treatment 8 Treatment 8

Factor A 2 Factor A 2
Factor B 2 Factor B(A) 6
AxB 4
Error 27 Error 27
Total 35 Total 35
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Example:
AIB1=10 |AIBI=11 |AlB2=13 |A2B4=23
AlB2=15 |A2B3=18 |A2B4=25 |AIBI=11
A2B4=20 | A2B3=18 |AlB1=9 A2B3 =18
A2B4=22 |A1B2=15 |A2B3=18 |AlB2=14

Nested design with two factors, where the second factor is

nested in the first factor, with four replications per

treatment.
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Data:

result

S N N N S N S e e e e

AR DRDRWWWWNONODNDN R~ ———|®

10.00
11.00

9.00
11.00
15.00
15.00
13.00
14.00
18.00
19.00
17.00
18.00
20.00
22.00
25.00
23.00
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SAS:

PROC IMPORT OUT= WORK nested
DATAFILE= “E:\frst430\lemay\examples\encyl examples.xIs"
DBMS=EXCEL REPLACE,;

SHEET="nested$"; GETNAMES=YES;
MIXED=NO; SCANTEXT=YES;
USEDATE=YES; SCANTIME=YES;
RUN;
options 1s=70 ps=50 pageno=1;
data nested?2;
set nested;
*set up a label for each treatment, with factor a and factor b, for
example,

treatment of 11 is factor A of 1,and factor b of 1;
treatment=(a*10)+b;

Inresult=log(result);

run;

proc print data=nested2;
run;

proc shewhart data=nested2;
boxchart result*treatment;
run;

PROC GLM data=nested2;

class ab;

model result=a b(a);

output out=glmout r=resid p=predict;
Ismeans a b(a)/pdiff tdiff;

run;
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proc plot data=glmout;
plot resid*predict="*",
run;

PROC univariate data=glmout plot normal;
Var resid;

Run;

PROC GLM data=nested2;

class ab;

model Inresult=a b(a);

output out=glmout2 r=resid2 p=predict2;
Ismeans a b(a)/pdiff tdiff;

run;

proc plot data=glmout2;
plot resid2*predict2="*";
run;

PROC univariate data=glmout2 plot normal;
Var resid2;
Run;
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Selected SAS Output:

The SAS System 1
Obs A B result treatment Ilnresult
1 1 1 10 11 2.30259
2 1 1 11 11 2.39790
3 1 1 9 11 2.19722
4 1 1 11 11 2.39790
5 1 2 15 12 2.70805
6 1 2 15 12 2.70805
7 1 2 13 12 2.56495
8 1 2 14 12 2.63906
9 2 3 18 23 2.89037
10 2 3 19 23 2.94444
11 2 3 17 23 2.83321
12 2 3 18 23 2.89037
13 2 4 20 24 2.99573
14 2 4 22 24 3.09104
15 2 4 25 24 3.21888
16 2 4 23 24 3.13549
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The SAS System 2
The GLM Procedure

Class Level Information

Class Levels Values
A 2 12
B 4 12 34
Number of Observations Read 16
Number of Observations Used 16
The SAS System 3

The GLM Procedure

Dependent Variable: result result

Sum of
Source DF Squares Mean Square F Value
Model 3 328.5000000 109.5000000 64.10
Error 12 20.5000000 1.7083333
Corrected

Total 15 349.0000000

Source Pr > F
Model <.0001
Error

Corrected Total

R-Square Coeff Var Root MSE result Mean
0.941261 8.043275 1.307032 16.25000
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(Type 1 SS not shown)

Source DF Type III SS Mean Square F Value

A 1 256.0000000 256.0000000 149.85
B (A) 2 72.5000000 36.2500000 21.22
Source Pr > F
A <.0001
B(A) 0.0001

The SAS System
The GLM Procedure
Least Squares Means

result HO:LSMeanl=LSMean?2?
A LSMEAN t Value Pr > |t]
1 12.2500000 -12.24 <.0001
2 20.2500000
result LSMEAN
B A LSMEAN Number
1 1 10.2500000 1
2 1 14.2500000 2
3 2 18.0000000 3
4 2 22.5000000 4

415

Least Squares Means for Effect B(A)
t for HO: LSMean (i)=LSMean(j) / Pr > |t|

Dependent Variable: result

i/3 1 2 3 4
1 -4.32801 -8.38553 -13.2545
0.0010 <.0001 <.0001
2 4.328014 -4.05751 -8.92653
0.0010 0.0016 <.0001
3 8.385528 4.057513 -4.86902
<.0001 0.0016 0.0004
4 13.25454 8.926529 4.869016
<.0001  <.0001 0.0004

NOTE: To ensure overall protection level,
only probabilities associated with pre-
planned comparisons should be used.
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Plot of resid*predict. Symbol used is '*'.

COoOOR K EFENNN
&
o

LR LA L U A R |
NNNH R R BEPOOOO
UNOJUNOJUNO
[SROUNSHO NS RO RSHE RSN NS]
*

predict

NOTE: 3 obs hidden.
The SAS System
The UNIVARIATE Procedure
Variable: resid

Some outputs removed

Tests for Normality

Test --Statistic--- --p value--

Shapiro-Wilk W 0.960624 Pr<w 0.6731
Kolmogorov-Smirnov D 0.135583 Pr>D >0.1500
Cramer-von Mises W-Sg 0.054347 Pr>W-Sg>0.2500
Anderson-Darling A-Sq 0.353872 Pr>A-Sg>0.2500
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Stem Leaf # Boxplot
25 1 |
10 1 |
0 0058888 7 A
-0 522 3 +-—-—- +
-1 220 3
-2 5 1 |
—— -t
Variable: resid
Normal Probability Plot

2.5+ F b
| +HEE Rt
| kK p ok pppk
| Xk ph ot
| R R S

=2 .54+ttt
B s ettt e e e

-2 -1 0 +1 +2
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The SAS System 10
The GLM Procedure

Class Level Information

Class Levels Values

A 2 12

B 4 12 34
Number of Observations Read 16
Number of Observations Used 16

The SAS System
The GLM Procedure

Dependent Variable: lnresult

Sum of
Source DF Squares Mean Square F
Value
Model 3 1.35905142 0.45301714 73.91
Error 12 0.07355155 0.00612930
Corrected

Total 15 1.43260297

Source Pr > F
Model <.0001
Error

Corrected Total

R-Square Coeff Var Root MSE lnresult Mean
0.948659 2.852397 0.078290 2.744703
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(Type I SS not shown)

Source DF Type III SS Mean Square F Value

A 1 1.04235590 1.04235590 170.06
B (A) 2 0.31669552 0.15834776 25.83
Source Pr > F
A <.0001
B(A) <.0001

The GLM Procedure
Least Squares Means

lnresult HO:LSMeanl=LSMean?2
A LSMEAN t Value Pr > |t
1 2.48946341 -13.04 <.0001
2 2.99994258
Inresult LSMEAN
B A LSMEAN Number
1 1 2.32390005 1
2 1 2.65502677 2
3 2 2.88959896 3
4 2 3.11028619 4
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Least Squares Means for Effect B(A)

t for HO: LSMean (i)=LSMean(j) / Pr

Dependent Variable: lnresult

i/3 1

1

2 5.981415
<.0001

3 10.21869
<.0001

4 14.20514

<.0001

2 3
-5.98141 -10.2187
<.0001 <.0001
-4.23727
0.0012
4.237271
0.0012
8.223726 3.986455

<.0001 0.0018

NOTE: To ensure overall protection
only probabilities associated with

planned comparisons should be used.

> |t

-14.2051
<.0001

-8.22373
<.0001

-3.98646
0.0018

level,
pre-
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Plot of resid2*predict2. Symbol used

resid2 ,
0.15 ~

NOTE:

3 obs hidden.

predict2

is

Tkt
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The UNIVARIATE Procedure
resid2

Variable:

(Some outputs deleted)

Tests for Normality

Test -Statistic--- --p Value--
Shapiro-Wilk W 0.950268 Pr<Ww 0.4939
Kolmogorov-Smirnov D 0.150539 Pr>D >0.1500
Cramer-von Mises W-Sgq 0.047813 Pr>W-3Sgq
>0.2500
Anderson-Darling A-Sg 0.321185 Pr>A-Sg
>0.2500
Stem Leaf # Boxplot
11 1 \
0 55577 5 o +
0 003 3 *o— o
-0 222 3 t-——=- +
-0 96 2 \
-1 31 2 \
e e

Multiply Stem.Leaf by 10**-1

Normal Probability Plot

| R x

-0.125+ R R

+HEr 4
Kok Kkt
Kp kKt

R
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CRD: One Factor Experiment, Fixed Effects with

subsampling [26.7 of textbook (White)]

Example: Site Preparation

A forester would like to test whether different site
preparation methods result in difference in heights. Fifteen
areas each 0.02 ha in size are laid our over a fairly
homogeneous area. Five site preparation treatments are
randomly applied to 15 plots. One hundred trees are
planted (same genetic stock and same age) in each area. At
the end of 5 years, the heights of EACH seedling in each
plot were measured.

We have three hierarchical levels:
e Treatments
e Experimental units within treatments — level at which
the treatment is applied
e Trees within experimental units — are “nested” in
experimental units; different trees in different
experimental units
We have variation:
e Between treatments
e Between experimental units within each treatment
e Between trees within each experimental unit in each
treatment
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Notation

Population: Vi = #+ Trg; T Epuy T Esuip

Yiji = response variable measured on sample / of
experimental unit 7 and treatment j

j=1 to J treatments

M = the grand or overall mean regardless of treatment
Trg = the treatment effect

H; = the mean for treatment j; grand mean plus the
treatment effect

The difference between a particular measure for a sample /,
an experimental unit i, and the mean for the treatment j that
was applied to it is now two parts:

Epuy T Esujt = Vi — H;
The error for the experimental unit and the error for the
sample unit in the experimental unit.
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For the experiment:
Vit = Voo T Tppi €y + €y

V..o = the grand or overall mean of all measures from the
experiment regardless of treatment

Y. ;= the mean of all measures for treatment ;j ; under error

variance assumptions, will be an unbiased estimate of #;

Z,:TR_/ = the difference between the mean of experiment

measures for treatment j and the overall mean of measures
from all treatments

n;= the number of experimental units measured in
treatment j; = n if these are all equal.

nr= the number of experimental units measured over all
J

treatments = Z,”/ ; =J X n if these are all equal.
=

m;= the number of samples measured in experimental unit
i of treatment j ; m;= m if these are all equal

J n;
mT=Zme,- the number of samples measured in
J=1 i=1

experimental unit 7 of treatment j ; mr=J X n X m = Jnm if
these are all equal
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Analysis Methods

Possible ways to analyze this experiment are:

1. Simplify this by calculating averages for each
experimental unit and use these in the analysis of
variance (would then be Completely Randomized
Design: one factor, already covered)

2. Keep each sample observation, and use least squares to
calculate as per CRD: one factor, but also estimate the
within experimental unit variance (will cover this now)

3. Keep each sample observation, and use a mixed model
and maximum likelihood, with the two “error terms” as
random-effects (e.g., PROC MIXED in SAS).

Option 1 is simpler; Options 2 and 3 allow us to look at the
variability within experimental unit.

Another option you will see but NOT CORRECT!!

e Keep each sample observation and treat this as one
experimental unit as if this was a CRD: one factor
experiment.

Since the treatment was NOT applied at this level, this
analysis would not be correct. Treatments are randomly
assigned to the experimental unit level. The degrees of
freedom and the estimated error variance used in the F-
test would not be correct. In some literature, the
samples are termed “pseudo-replications”.
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We then calculate:
1) Sum of squared differences between the observed values

and the overall mean (SSy):

SSy= iii(ylﬂ _)7...)2

j=1 =l I=l

dfzinz/mij—lzmT—l

j=1 =l
2) Sum of squared differences between the treatment
means, and the grand mean, weighted by the number of
experimental units in each treatment (SStg)

J N
SSTR :zzmg/(y-j._.)_}...) df:J_l

j=1 i
If the number of samples per experimental unit are all the

same (m) and the number of experimental units per

treatment are all the same (n), this becomes:

J
Sy =nm> (3., = 3...) df =J -1
j=1
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3) Sum of squared differences between the means values
for each experimental unit and the treatment means

1

J 2
SS e :szu(j’u —)7.,-.)

j=1 i=l
J
df =n, —J =Y (n; -1
j=1
If the number of samples per experimental unit are all the
same (m) and the number of experimental units per
treatment are all the same (n), this becomes:

J n )
S8y = mZZ()_}UO _J_/.j.)

j=1 i=l

df =n,—J =J(n-1)

This is then experimental units nested in treatments.
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4) Sum of squared differences between the observed values

for each experimental unit and the treatment means

n; my

Z(yijl _yij-)z df = ZJ:Z(’"] -D

1 j=1i=1

J
S =2

j=1i=1 1
If the number of samples per experimental unit are all the
same (m) and the number of experimental units per
treatment are all the same (n), this becomes:
J n
SS=Y

j=1i=1

i(yiﬂ _37&-)2 df =Jn(m—1)

This is then sample units nested in experimental units and
treatments.

AND:

SSy =SS, +8S,, +8S,
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Test for differences among treatment means

The main question is: Are the treatment means different?

Hom=t=...=1
H,: not all the same
OR:

What is the appropriate F-test? Need to look at the
expected mean squares.
Expected Mean Square: Treatments Fixed, and assuming

the number of experimental units per treatment, and
samples per experimental unit are all equal

Expected Mean Square: Treatments Random, and
assuming the number of experimental units per treatment,
and samples per experimental unit are all equal

Source df SS MS  Expected Mean
Squares

Treatment J-1 S8t MStr 6, +mo,, +nmoy’

Exp. J(n-1) SSee MSee 6" +mo,,

Error

Sampling Jn(m-1) SSsg MSse o,

Error

Total Jmn -1 SSy

F-test is the same for Fixed-effects or Random Effects
Treatments:

Source MS F p-value
Treatment MS7z F= Prob F>

MSIMSee F 11y nr-s)1-a
Error

Sampling MSsg

Source df SS MS Expected Mean
Squares

Treatment J-1 S8 MSme o tmo,, +4,

Exp. J(n-1) SSee MSee o, +mo,,

Error

Sampling Jn(m-1) SSse MSse o’

Error

Total Jmn -1 SSy

431

Error
Total
If F> F;J—l,nT—J,l—a) we reject Hy and conclude that there

is a difference between the treatment means.
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Assumptions: Check residuals as other experiments.
NOTE: There are also assumptions on the experimental
error — could also be checked.

Tests for pairs of Means: Use experimental error as the
error term rather than the default which is the sampling
error.

Confidence Intervals:

Vejo * LEey1—a)

e.g., use the mean square used for the denominator of the F-
test (MSgg), and divide by the number of observations
(samples) for that treatment. Degrees of freedom for the ¢
corresponds to the df for the mean square (dfEE).
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Example from Textbook:

e Have three temperatures: low, medium, and high (J=3)

e For each, we have two experimental units (batches)

(n=2)

e Randomly assign temperatures to each batch

e For each batch, we have three loaves of bread (m=2)

e The response variable is crustiness of bread.

Data:
temp batch observation yijl
low 1 1 4
low 1 2 7
low 1 3 5
low 2 1 12
low 2 2 8
low 2 3 10
medium 1 1 14
medium 1 2 13
medium 1 3 11
medium 2 1 9
medium 2 2 10
medium 2 3 12
high 1 1 14
high 1 2 17
high 1 3 15
high 2 1 16
high 2 2 19
high 2 3 18
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SAS code: Three options presented
1. Using PROC GLM and the sample observations.
Model yijk= treat batch(treat);
2. Using the averages for each experimental unit and
PROC GLM. Model yijk=treat;
3. Using PROC MIXED, and the sample observations.
Model yijk=treat; Random batch(treat);

PROC IMPORT OUT= WORK.onesub
DATAFILE= "E:\frst430\lemay\examples\
subsampling neter newest pll09.xls"

DBMS=EXCEL REPLACE; SHEET="data$";
GETNAMES=YES; MIXED=NO; SCANTEXT=YES;
USEDATE=YES; SCANTIME=YES;

RUN;
options 1s=70 ps=50 pageno=1;

* Analysis 1. first, use GLM and bring in the
Experimental error and the Sampling error into
the design;

PROC GLM data=onesub;

class temp batch;

model yijl=temp batch (temp) ;

random batch (temp) /test;

test h=temp e=batch (temp);

lsmeans temp /e=batch (temp) pdiff tdiff;
output out=glmout r=resid p=predict;

run;

proc plot data=glmout;

plot resid*predict='*";

run;

proc univariate data=glmout normal plot;
var resid;

run;
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*Analysis 2. This is least squares but using
the mean of all samples in each experimental
unit;

proc sort data=onesub;

by temp batch;

run;

proc means data=onesub;

var yijl;

by temp batch;

output out=meany mean=ybars;
run;

PROC GLM data=meany;

class temp;

model ybars=temp;

lsmeans temp /pdiff tdiff;

output out=glmout2 r=resid2 p=predict2;
run;

proc plot data=glmout2;

plot resid2*predict2="*";

run;

proc univariate data=glmout2 normal plot;
var resid2;

run;

* Analysis 3: this is using maximum likelihood
for a mixed model to estimate variances and get
correct F-tests;

PROC MIXED data=onesub;
class temp batch;

model yijl=temp;
lsmeans temp/pdiff;
random batch (temp) ;
run;
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Analysis 1: GLM using samples with experimental
error given as batch(treat), and sampling error as
the Error term.

The SAS System 1

The GLM Procedure

Class Level Information

Class Levels Values
temp 3 high low medium
batch 2 12
Number of Observations Read 18
Number of Observations Used 18

The SAS System
The GLM Procedure

Dependent Variable: yijl vijl

Sum of
Source DF Squares Mean Square F Value
Model 5 284.4444444 56.8888889 21.79
Error 12 31.3333333 2.6111111
Corrected
Total 17 315.7777778
Source Pr > F
Model <.0001
Error
Corrected Total
R-Square Coeff Var Root MSE yijl Mean
0.900774 13.59163 1.615893 11.88889
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(NOTE: Type 1 SS removed)

Source DF Type III SS Mean Square F Value
temp 2 235.4444444 117.7222222 45.09
batch (temp) 3 49.0000000 16.3333333 6.26
Source Pr > F
temp <.0001
batch (temp) 0.0084

NOTE: Variance components and GLM Mixed model
analysis given by SAS removed — often not correct.

Least Squares Means
Standard Errors and Probabilities Calculated Using
the Type III MS for |patch(temp) as an Error Term

LSMEAN
temp yijl LSMEAN Number
high 16.5000000 1
low 7.6666667 2
medium 11.5000000 3

Least Squares Means for Effect temp
t for HO: LSMean (i)=LSMean(j) / Pr > |t|

Dependent Variable: yijl

i/ 1 2 3
1 3.785714 2.142857
0.0323 0.1215
2 -3.78571 -1.64286
0.0323 0.1990
3 -2.14286 1.642857
0.1215 0.1990

NOTE: To ensure overall protection level, only
probabilities associated with pre-planned
comparisons should be used.
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Dependent Variable: yijl vijl
The UNIVARIATE Procedure

Tests of Hypotheses Using the Type III Variable: resid
MS for batch(temp) as an Error Term NOTE: All outputs removed except for Normality
tests and box plot and normality plot
Source DF Type III SS Mean Square F Value
temp 2 235.4444444 117.7222222 7.21
Tests for Normality
Source Pr > F
temp 0.0715 Test --Statistic--- -p Value------
Plot of resid*predict. Symbol used is '*'. Shapiro-Wilk W 0.908031  Pr<w 0.0794
_ Kolmogorov-Smirnov D 0.17031 Pr>D >0.1500
f§£ - « Cramer-von Mises W-Sqg 0.084708 Pr>W-Sq 0.1732
. Anderson-Darling A-Sg 0.605378 Pr>A-Sgq 0.0984
1.667 ~ * *
1.333 - * *
’ Stem Leaf # Boxplot
. 20 1
1.000 1 777 3 |
! 133 2 +---—= +
0.667 - 0 ‘ ‘
0 033 3 Lo+
! -0 333 3 Fmmmm e *
0.333 ° * * -0 | |
’ -1 333 3 +---—= +
, -1 77 2 [
0.000 * -2 0 1 |
’ B et e e
20.333 - * . *
0,667 - The UNIVARIATE Procedure
, Variable: resid
-1.000 -
, Normal Probability Plot
. 2.25+ X
S1.333 -+ B x [ *kext
| L
: 0.75+ o+
-1.667 ° * * ‘ A
| prk
! -0.75+ -
~2.000 J * | FHtrx
| K
B e o o [ e . -2.25+ -
5.0 7.5 10.0 12.5 15.0 17.5 20.0 s A A A A
-2 -1 0 +1 +2
predict
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Analysis 2: GLM using averages for each sample
unit experimental error is now the Error term.

The SAS System
The MEANS Procedure

—————————————— temp=high batch=1 -----—-------—--—-
Analysis Variable : yijl yijl
N Mean Std Dev Minimum Maximum

3 15.3333333 1.5275252 14.0000000 17.0000000

——————————————— temp=high batch=2 -------

Analysis Variable : yijl yijl

N Mean Std Dev Minimum Maximum
3 17.6666667 1.5275252 16.0000000 9.0000000
————————————————————— temp=low batch=1 -------

Analysis Variable : yijl yijl

N Mean Std Dev Minimum Maximum
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————————————————— temp=low batch=2 -------

Analysis Variable : yijl yijl

N Mean Std Dev Minimum Maximum
3 10.0000000 2.0000000 8.0000000 12.0000000
————————————————————— temp=medium batch=1 ---------

Analysis Variable : yijl yijl
N Mean Std Dev Minimum Maximum

3 12.6666667 1.5275252 11.0000000 14.0000000
————————————————— temp=medium batch=2 -----—---———-
Analysis Variable : yijl yijl
N Mean Std Dev Minimum Maximum

3 10.3333333 1.5275252 9.0000000 12.0000000

442



The SAS System NOTE: Type I SS removed from the SAS outputs.

The GLM Procedure Source DF Type III SS Mean Square F Value
temp 2 78.48148148 39.24074074 7.21
Class Level Information
Source Pr > F
Class Levels Values temp 0.0715
temp 3 high low medium
batch 2 12 The SAS System
LSMEAN
Number of Observations Read 6 temp ybars LSMEAN Numbe r
Number of Observations Used 6
The GLM Procedure high 16.5000000 1
low 7.6666667 2
Dependent Variable: ybars yijl medium 11.5000000 3
Sum of
Source DF Squares Mean Square F Value Least Squares Means for Effect temp
Model 2 78.48148148 39.24074074 7.21 t for HO: LSMean (i)=LSMean(j) / Pr > |t|
Error 3 16.33333333 5.44444444
Corrected Dependent Variable: ybars
Total 5 94.81481481
i/3 1 2 3
Source Pr > F
Model 0.0715 1 3.785714 2.142857
Error 0.0323 0.1215
Corrected Total 2 -3.78571 -1.64286
0.0323 0.1990
3 -2.14286 1.642857
R-Square Coeff Var Root MSE ybars Mean 0.1215 0.1990
0.827734 19.62617 2.333333 11.88889

NOTE: To ensure overall protection level, only
probabilities associated with pre-planned
comparisons should be used.
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resid2

2.333

1.167

0.000

-1.167

-2.333

The SAS System

Plot of resid2*predict2. Symbol used is '*'.
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predict2
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The UNIVARIATE Procedure
Variable: resid2

NOTE: removed all but the normality tests and
normality plots.

Tests for Normality

Test --Statistic--- --p Value--
Shapiro-Wilk W 0.912907 Pr<w 0.
Kolmogorov-Smirnov D 0.240697 Pr>D >0.
Cramer-von Mises W-Sg 0.06404 Pr>W-Sqg >0.
Anderson-Darling A-Sg 0.352911 Pr>A-Sqg >0.

The UNIVARIATE Procedure
Variable: resid2

Normal Probability Plot

B
* Kbt
ottt
ottt
L e
FHrt
B it e et L LT STt e S
-2 -1 0 +1 +2
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Analysis 3: MIXED using each sample unit value. Iteration History

Iteration Evaluations -2 Res Log Like Criterion
The SAS System 0 1 73.11545106
The Mixed Procedure 1 1 67.84036856 0.00000000

Model Information Convergence criteria met.

Data Set WORK.ONESUB
Dependent Variable yijl Covariance Parameter
Covariance Structure Variance Estimates
) ) Components Cov Parm Estimate
Estimation Method REML batch (temp) 4.5741
Residual Variance Method Profile Residual 2-6111
Fixed Effects SE Method Model-Based .
Degrees of Freedom Method Containment Fit Statistics
Class Level Information ~2 Res Log Likelihood 67.8
AIC (smaller is better) 71.8
Eiiss Level; Xilﬁeiow medium AICC (smaller is better) 72.8
batih 5 1 g u BIC (smaller is better) 71.4
. . Type 3 Tests of Fixed Effects
Dimensions
. Num Den
Covariance Parameters 2
Columns in X 4 Effect DF DF F Value Pr > F
Columns in 7 6 temp 2 3 7.21 0.0715
Subjects 1
Max Obs Per Subject 18 Least Squares Means
. Standard
Numbe r of.Observatlons Effect temp Estimate Error DF t Value Pr>|t]|
Number of Observations Read 18 temp  high  16.5000 1.6499 3 10.00 0.0021
Number of Observations Used 18 temp low 7.6667 1.6499 3 4.65 0.0188
Number of Observations Not Used 0 temp medium 11.5000 1.6499 3 6.97 0.0061
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Differences of

Effect temp temp
temp high low

temp high medium
temp low medium

Least Squares Means

Standard

Estimate Error DF t Value Pr>|t|

8.8333
5.0000
-3.8333

2.3333 3 3.79
2.3333 3 2.14
2.3333 3 -1.64

0.0323
0.1215
0.1990

449

RCB: One Factor Experiment, Fixed Effects with
subsampling

¢ Blocked (random or fixed-effect, usually random)

o Fixed-effect factor A (we will label this as TR for
treatment)

e Experimental units - level at which the block with
factor A combinations are applied; may be one
experimental unit or more than one (generalized RCB
or RCB with replicates)

e Sampling units - number of items measured within
each experimental unit.

Notation for a Generalized RCB with subsampling:

Population:
Vi =HF T + Trpe T Torgwrrie T €puie T € suiju

Yijki = response variable measured on sample / of
experimental unit 7, block j, and treatment &

The difference between a particular measure for a sample /,
an experimental unit i, and the mean for the block j and
treatment k£ combination that was applied to it is now two
parts:

Epuik T € suijn
The error for the experimental unit and the error for the
sample unit in the experimental unit.
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For the experiment:
Vit = Veoso T T ¥ Trpe T Tprgwarix T €ruie + Esuijm

Yeeoo = the grand or overall mean of all measures from the
experiment regardless of treatment

Y. ke = the mean of all measures for block j and treatment &
; under error variance assumptions, will be an unbiased
estimate of A

Y. oo = the mean of all measures for block j will be an
unbiased estimate of #;
Yeere = the mean of all measures for treatment k£ will be an

unbiased estimate of 4,

ny= the number of experimental units measured in each
combination of block by treatment,; = n if these are all
equal.

nr= the number of experimental units measured over all

K J
treatments = Zznjk ;=J XK X n if these are all equal.

k=1 j=1

m;;= the number of samples measured in experimental unit
i of treatment and block jk ; m;; = m if these are all equal
K J

"
mT=ZZZm,-ﬂ< the number of samples measured in
k=1 j=1 i=l

experimental unit i of treatment j ; mr=J X K Xn Xm =
JKnm if these are all equal
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Analysis Methods

Possible ways to analyze this experiment are:

4. Simplify this by calculating averages for each
experimental unit and use these in the analysis of
variance (would then be Generalized Randomized
Complete Block Design: one factor, already covered)

5. Keep each sample observation, and use least squares or
to calculate as per Generalized Random Complete
Block: one factor, but also estimate the within
experimental unit variance (will cover this now)

6. Keep each sample observation, and use a mixed model
and maximum likelihood, with the two “error terms” as
random-effects (e.g., PROC MIXED in SAS).

Option 1 is simpler; Options 2 and 3 allow us to look at the
variability within experimental unit.

Another option you will see but NOT CORRECT!!

e Keep each sample observation and treat this as one
experimental unit

¢ Since the treatment was NOT applied at this level, this
analysis would not be correct. Treatments are
randomly assigned to the experimental unit level. The
degrees of freedom and the estimated error
variance used in the F-test would not be correct. In
some literature, the samples are termed “pseudo-
replications”.
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We then calculate:

SSy =880 +SS 5 +S8S ke m TSS g 85

For a Generalized Randomized Complete Block design with one-

factor, and subsampling of the experimental units.

Main Questions:

1. For the generalized RCB, we can look at interactions
between blocks and the treatment (cannot, if there is
only one experimental unit per treatment and block
combination with the more simpler RCB, since the
interaction is the exp. unit error.). Test this first.

2. Then, if no interaction, test if there is a difference
among the Factor A levels (the treatment).

3. Not really interested in the blocks.

What is the appropriate F-test? Need to look at the

expected mean squares.
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Expected Mean Square: Treatments and Blocks BOTH
Fixed, and assuming the number of experimental units per
treatment, and samples per experimental unit are all equal

Source df SS MS Expected Mean
Squares

Block J-1 SSsix MSpik @, +mo,, +og

Treatment K-1 SStr - MStr G + ”“7552 + O'SE2

Block X  (J-1)(K-1) SSpk MSpix gy, A moy Oy

Treatment XTR  XTR

Exp. JK(n-1) SSee MSee 5, +mo,,
Error

Sampling JKn(m-1) SSse MSsg

Error

Total JKnm -1 SSy
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Expected Mean Square: Treatments Fixed, but Blocks are
Random, and assuming the number of experimental units
per treatment, and samples per experimental unit are all
equal

Source df SS MS Expected Mean Squares
Block J-1 SSpixk MS KnmaBLK2 -FmGEE2 +GSE2

BLK
Treatment K-1 SStr MS gt nmoy g A MmOy + Oy

TR

Block X  (F1)(K-1) SSpx MS nmoy,.+moy,’ +0y’

Treatment XTR BLK
XTR
Exp. JK(n-1)  SSgg MS 5 imo,,
Error EE
Sampling JKn(m-1) SSgz  MS GSEZ
Error SE
Total JKnm -1 S8y
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Assumptions: Check residuals as other experiments.
NOTE: There are also assumptions on the experimental
error — could also be checked.

Tests for pairs of Means: Use experimental error as the
error term rather than the default which is the sampling
error.

Confidence Intervals: both Blocks and Treatments are
fixed:

.)_}ooko i t(deE),l—a/Z

e.g., use the mean square used for the denominator of the F-
test (MSEE), and divide by the number of observations
(samples) for that Factor level k. Degrees of freedom for
the t corresponds to the df for the mean square (dfEE).

Confidence Intervals: Blocks Random and Treatments are
fixed:

MSBLKXTR

J Mk

szijk

j=1 i=1

Veeko T L BLKXTR)1-a)2
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Analysis of Covariance (ANCOVA)

For experimental designs covered so far:

The response variable (y) is a continuous variable

A number of class variables (x’s) are used (effects) to
explain the variation in the response variable, via a linear
model

We are interested in differences in means for each class
variable (fixed-effects) or in the variance in the response

variable that is due to the class variable (random-effects).

For example, for CRD: two factors, mixed, we were

interested in:

Whether there is an interaction between Factor A and
Factor B.
If there is no interaction
o whether the means for levels of Factor A differ,
and if so, which ones differ?
o and whether Factor B accounts for some of the
variability in the response variable, and if so, how

much?
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For linear regression analysis, covered in the beginning of

the course:

The dependent variable (y) is a continuous variable
A number of continuous predictor variables (x’s) are
used to explain the variation in the dependent variable in
a linear equation.
We also introduced class variables (x’s also) to help
explain the variation in the dependent variable,
represented by:

o Dummy variables to alter the intercept

o Interactions between dummy variables and

continuous predictor variable to alter the slope.
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Analysis of covariance is an experimental design, where we
add continuous explanatory variables (called covariates) to
help explain the variability in the response variable, for
example:
e Record the initial weight of all fish prior to adding
different foods. Use this initial weight as a covariate
e Record soil moisture of all plots in a field prior to
applying different treatments. Use this soil moisture
as a covariate.
The covariates help “even-out” conditions that we were not
able to control in trying to obtain homogeneous treatment
units, and explain some of the variation in the response

variable.

Blocking does this in a similar fashion, but:
¢ Blocking restricts the randomization of treatments to
experimental units (treatments assigned randomly within

blocks)

e Blocks are class variables.
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This is very similar to using continuous and class variables
in regression analysis to explain the variation in the
dependent variable, except:
e We have an experiment, and we are trying to assign
cause and effect
e For analysis of covariance:

o the slopes are considered the same over all
treatments (common slope), in order to assess the
impacts of different factors (called homogeneity
of slopes)

o This means that the treatment does not affect the
relationship (linear trend) between y and x

o This must be tested, as the slope of y versus x
may vary by treatment

e We use these covariates to “adjust” the factor level
means to a common value (usually the mean) of the

covariate.
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Example:

UBC would like to evaluate three ways of teaching basic
statistics:

(A) stats dept. method (3 lectures),

(B) computer method (3 lectures plus lab using statistical
software with no lab write-up),

(C) applied science method (3 lectures plus written lab).
“Success” is measured as a grade in a common examination
for all students.

The response (exam grade) might be related to abilities
before taking the course:
e Grade in Math 12 is used as a covariate (x variable)
and obtained for each student.
e Then students are randomly assigned to one of the
three class types.

The Math 12 grade is then used to “adjust” the grade in the

common €xam.
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Looking at
the trends,
between
Mark in
Stats (y)
versus Mark
in Grade 12
math(x), the
slopes
appear to be
similar.

Ignoring the
Grade 12
March, the
mark in
Statistics 1S
higher for
A, and B
and C are
similar.
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Using the
covariate, and

adjusting the

means along the y

©
a1

vs x trend line to %90 | )
the average Mark Bes| C -~
g S g0 {A ﬂ S

in Grade 12 Math, 275 /B x / )
C and A are =70 &

o . = 65 e
similar, and B is 60

. 60 70 80 % 100
different Mark in Grade 12 Math

If the Math grade was not used as a covariate, the conclusion

would be much different.
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Model:

We add a covariate to whichever experimental design we wish
to use.

For example, using an RCB with two fixed-effect factors, we
add in the covariate.

Population:
Vi =H+ P = X)+ Ty, + T T T + Ty + €y

Yk = response variable measured on block j and treatment k/

j=1 to J blocks; k=1 to K levels for Factor A; /=1 to L levels for
Factor B; and definition of terms follows other designs.

X 1s a measurement of the covariate for a particular
experimental unit, standardized around the mean of x over all
observations, as this can be easier to interpret; § is the slope of
the line between y and x.

The expected mean squares are the same as the design without
the covariate.

The covariate will take up one degree of freedom from the error
term.
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Variations in ANCOVA:

1. More than one covariate. Can add in more than one

continuous variable.

e Must check for ANY interactions between continuous
variables and each of the class variables (effects) in the
experiment.

e Each covariate will have a df of 1 (like a continuous
variable in regression), and this will be taken away from
the error term df.

2. Slopes are not equal

y

95
85

80 -

75

70 -

65 4

60

60 70 80 920 100

Interactions between class variables and continuous variables
are significant. Can test these using partial F-tests as we did
for regression using dummy variables to represent classes.

¢ Get generalized linear models (GLM) results for all class
variables (blocks, factors, interactions, etc.), all continuous x-
variables (covariates) , and interactions between covariates
and all class variables [full model]

o Record the df(model) and df(error) [full]
o Record the SSmodel (includes all class and continuous
variables and interactions) and SSerror [full]

o Get generalized linear models results for all class variables
(blocks, factors, interactions, etc.), all continuous x-variables
(covariates) [reduced model]

o Record the df(model) and df(error) [reduced]
o Record the SSmodel and SSerror [reduced]
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(SSreg( full)— SSreg(reduced ))/ r

partial F =
SSE | (dferror)(full)
OR
partial F = (SSE (reduced)— SSE( full))/r
SSE/(dferror)(full)
_ (SS due to dropped interaction variable(s))/r
- MSE( full)

Where r is the number of x-variables that were dropped. Equals:

(1)the model degrees of freedom for the full model minus the

model degrees of freedom for the reduced model, OR (2) the

error degrees of freedom for the reduced model, minus the error

degrees of freedom for the full model)

Under HO, this follows an F distribution for a 1- a/2 percentile
with 7 and n-m-1 (full model) degrees of freedom.

If the F for the fitted equation is larger than the F from the
table, we reject HO (not likely true). There are different
slopes (relationship between y and x) for different treatments

(combinations of the class variable levels)

e Harder to interpret, as with any interaction
o Use graphs to show relationships
o Switch to a regression approach to finding equations
using the continuous and class variables (represented

as dummies) and interpret these results.

(Assignment 8 as the example during class)



Expected Mean Squares to get called components of
variance

1. Get these from a book where they are already determined for
your type of design. Must know which of your factors are
fixed and which are random.

2. Use the EMS rules to determine these. Expected Means

Squares “rules”: Appendix D of text (white or blue editions)
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Calculation of Expected Mean Squares Using an Example

Steps to Derive Expected Mean Squares.
1. Write up linear model. For example, RCB with more

than one experiment unit for each treatment within a
block (generalized RCB):

Vg =H T Tpik T T T TBLKXTR jk TEGD Note
fOI’j=1 toJ, k=1toK, i=lton brackets
(blocks) (treatments) (replications) | added

NOTE: will use instead: around jk
forj=1tob, k=1tot, i=lton

(blocks) (treatments) (replications)
Then b is taken from B possible blocks;
t is taken from 7 possible treatments;
n is taken from N possible replicates within each jk.
Since the replicates are nested within each Treament
/Block combination, we have added brackets to
indicate this.
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2. Generate table of indices and number of factor levels
etc.

n b t
Effect i J
TBLK;j
TTRk
TBLK X TRjk
Ei(jk)

3. Indicate which effects are fixed versus random and add
a symbol for each component. Note that we will use
the symbol for variance (random-effects) for all

components, and change this to Pz for the fixed-
effects treatment at the end.

Type:| R R F
n b t
Effect i Jj k | Symbol
TBLKj Ok 2
TTRk Orr 2
TBLK X TRjk O Lk TR 2
Ei(jk) o, 2
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4. Fill in the table by:

a. Put down a “1”, where subscript is bracketed

(nested)
Type:| R R F
n b t
Effect i Jj k | Symbol
TBLKj Ok 2
TTRk Orr 2
TBLK X TRjk O pLkxTR 2
Ei(jk) 1 1 o, 2

b. For each effect, put down the end value (e.g., t for

number of treatments in the experiment) for each

subscript that does not appear for the effect

Type:) R | R F
n b t
Effect i Jj k | Symbol
TBLKj " ! Ok 2
TTRk n b O
TBLKX TRk | T Oyt
Ei(jk) 1 1 o, 2
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c. Add the “finite population correction factor” for
each of the other factors: e.g., for Blocks, this is

Els

Type:| R R F
n b t
Effect i j k | Symbol
TBLKj h 1- %) 4 O g :
TRk n b (1 - %j O ’
TBLK X TRjk n 1—%) (1-%} Corirn
Ei(ik) (1 - % 1 o

&
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5. Change FPC values to either 1 or zero.

a. If factors are random and there is a very large
number of available levels, e.g., N=oo, and B~=co.
Thus FPC—1

b. If factors are fixed, then the number of available
factors is the number of factors sampled, e.g., T=t.
Thus, FPC—0

c. If factors are random and there is a finite number
of available factors, then no change is made (we
will assume we have none of these).

Type:| R R F
n b t
Effect [ Jj k |Symbol
TBLKj " ! ! Ok 2
TTRE n b 0 O :
TBLK X TRjk n 1 0 Corinrn
Ei(jk) 1 1 1 o, 2
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6. Write up components

a. For each effect, select all the row(s) with effects
that contain the same subscript(s)

b. Ignore any columns with the heading for that
(those) subscript(s). (i.e., select all columns that do
not have the subscript.

c¢. Add up the product of the remaining columns for
the selected row(s)

For Blocks, the subscript is J:

Type:| R F
n 4
Effect [ k | Symbol
TBLKj n ¢ Ok 2
O
TBLK X TRjk n 0 O p1kxTR 2
Ei(jk) 1 1 o, 2

For Block, the E[MSg; k] is:
ntaBLK2 + 552

For Treatment, the subscript is :

Type:| R R
n b
Effect i Jj Symbol
Ok
TRk R b o 2
TBLK X TRjk R 1 O prixir 2
Si(jk) 1 1 o, 2

For Treatment, the E[MSqg] is:

2 2 2
nbo,” +noy e +0,

BUT Treatment is a fixed-effect (want to estimate the
effects due to treatment, rather than the variance due to

treatment). Using the ¢TR instead, the E[MStg] is,
therefore:

2 2
Prp + N0 T O,

Note:The interaction remains Random with a variance
symbol, as this is the interaction between blocks and
treatments. Since one of these 1s a random-effect, this is
random.
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For Block X Treatment, the subscript is jk:

Type:| R
n
Effect i Symbol
OpLk
O
TBLK X TRjk h O pLkxTR 2
Ei(jk) o,

For Block Treatment, the E[MSg; k x tr] 18:

2
nGBLKxTR + 08

2

For the error term, the subscript is ijk:

Type:
Effect Symbol
O-BLK 2
O-TR 2
O-BLKXTR 2
Ei(jk) o, 2

The E[MSE] is simply: 9«

2

For the ANOVA table then: Using j=1 to J blocks; i=1 to
K treatments; and assuming all n;; are equal to n (as per
the notes on Generalized RCB):

Source df MS p-value E[MS]

BLK J-1 MSpx Prob F> o +Knoy,
Fy ey, 1-a

TR K-1 MSTR Prob F> o'gz +no’sr +¢TR
Fk1)@sxn,i-a

BLK (J-l) MSBXT Prob F> ng +no’er

XTR (K-1) F ymxrafE,1- o

Error  ny-JK  MSE o,

Total np-1




More complex example: RCB, two-factors, split-plot.
Factor B is in split-plots (subdivided experimental
units):

1. Write up linear model.

Vi = Heoo T Tk j Y Tai T T T 0o T Tusu + Exiny
forj=1toJ, i=1toK,/=1to L
(blocks) (Factor A) (Factor B)

NOTE: will use instead:
forj=1tob, Fk=1tof,, I=1to f3
(blocks) (Factor A) (Factor B)
Then b is taken from B possible blocks;
£ 1s taken from F, possible levels of Factor A;
fz1s taken from Fp possible levels of Factor B.

The other interactions
BLK X B
BLK XA XB
are combined in the error term in this model. We will
separate these out to calculate the EMS:

€ = Toikxn t Tk xasjil
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Steps 2 and 3: Generate table of indices and number of
factor levels etc. Indicate which factors are fixed versus
random and add a symbol for each component. Note that
we will use the symbol for variance (random-effects) for

all components, and change this to @4>Pp for the fixed-
effects treatment at the end.

Type:| R F F
b | fi | Js
Effect j k [ | Symbol
2
TBLKj Oprk
2
T4k o,
2
TBLK X Ajk O prira
2
TBk Oy
2
TABKI O 45
2
TBLK X Bjk O prxxB
2
TBLK X ABjkl O prixaB
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4.Fill in the table by: c. Add the “finite population correction factor” for

a. Put down a “1”, where subscript is bracketed each of the other factors: e.g., for Blocks, this is
(nested) [L—bj _ (1 _ ﬁj
b. For each effect, put down the end value (e.g., f; for B B
number of levels of Factor A) for each subscript Type:| R F F
that does not appear for the effect b Ja S5
Effect Jj k [ Symbol
Type:| R | F | F TRLK] (1 bj fa JB 2
j - o
b ﬁ4 fB B BLZK
Effect i | k | 1 |Symbol Tik b [1 - ﬁ] e,
7] i .ﬁ‘l fB ’ : 2
S Toix TBLK X Ajk (1 - ﬁj [1 - fA] 5 oy,
TAk b s o, 5 Fi
: b /s ’
TBLK X Ajk Sz G prins Bk Ja (1 - FBJ o
TBk b Ja o-B2 TABKI b (1 —ff] [1—?) GABZ
TABKI b z : - 2
Tap - TBLK X Bjk (1 —gj Ja [1 —fBJ O bk
TBLK X Bjl Ja O prkxB Ty
2 . b fA fB ?
TBLK X ABjkI G arxonn TBLK X ABjkl (1 - BJ (1 - FAJ [1 - FBJ O p1KxAB
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5. Change FPC values to either 1 or zero.

a. If factors are random and there is a very large
number of available levels, e.g., B<co. Thus
FPC—1

b. If factors are fixed, then the number of available
factors is the number of factors sampled, e.g., f; =
F,. Thus, FPC—0

c. If factors are random and there is a finite number
of available factors, then no change is made (we
will assume we have none of these).

Type:| R F F
b fa /5
Effect Jj k / Symbol
TBLK]j 1 Ja s O prk 2
TAk b 0 Jo Oy 2
TBLK X Ajk 1 0 Jo O Lk x4 2
TBk b Ja 0 O 2
TABKI b 0 0 O s 2
TBLK X Bjk l Ja 0 O pLkxB 2
TBLK X ABjkl 1 0 0 O LK =48 2
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6. Write up components

a. For each effect, select all the row(s) with effects
that contain the same subscript(s)

b. Ignore any columns with the heading for that
(those) subscript(s). (i.e., select all columns that do
not have the subscript.

c¢. Add up the product of the remaining columns for
the selected row(s)

For Blocks, the subscript is j.

Type: F F
Ja s
Effect k [ Symbol
J /i 2
TBLKj 4 B Ok
2
04
2
TBLK X Ajk 0 Js O prka
2
O
2
O 48
J 0 :
TBLK X Bjk 4 O prixp
2
TBLK X ABjkl 0 0 O BrKxaB

For Block, the E[MSg; «] is:

2
ST 50 51k
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For Factor A, the subscript is £:

Type:| R F
b /B
Effect Jj / Symbol
Ok
T4k b s o, 2
TBLK X Ajk 1 s O gk« Az
o 2
TABKI b 0 O 45 2
O prkxB
TBLK X ABjkl 1 0 2
] UBLKXAB

For Factor A, the E[MS,4] is:
2 2
bf 304" + f30 pix

Since Factor A is a fixed-effect, using the ¢A instead, the
E[MS,] is, therefore:

¢A + fBO-BLKxTR

Note:The interaction remains Random with a variance
symbol, as this is the interaction between blocks and
treatments. Since one of these 1s a random-effect, this is
also a random-effect.

2

For Block X Factor A, the subscript is jk:

Type: F
/5
Effect / Symbol
2
Oprx
2
04
2
TBLK X Ajk s O grxxA
2
O3
2
O 45
2
O prkxB
0 2
TBLK X ABjkl O 51k AB

For Block by Factor A, the E[MSgk x a] 15:
2
/ BO BLKXTR

2

This was simply called “Error 17 (9 21 ) on the notes for
split plot.
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For Factor B, the subscript is /:

Type:| R F
b Ja
Effect j k Symbol
Ok 2
o, 2
O prixa 2
TBk b Ja O 2
TABKI b 0 O 43 2
TBLK X Bjl 1 Ja O prkxB 2
TBLK X ABjkl 1 0 O LK x4B 2

For Factor B, the E[MSg] is:
2 2
bf 405 + / A9 LK xB

Since Factor B is a fixed-effect, using the ¢B instead, the
E[MSg] is, therefore:

2
¢B + fAO-BLKxB

For Factor A X Factor B, the subscript is 4/:

Type:

Effect

TABKI

TBLK X ABjkl

b 2
O T Oprkxan
Since Factor A and Factor B are both fixed-effects, using

the ¢A><B instead, the E[MSg] 1s, therefore:

¢A><B + O-BLK><AB

2

For Factor A by Factor B, the E[MSy 5] is:

2



For Block X Factor B, the subscript is j/:

Type: F
Ja
Effect k Symbol
2
Ok
2
O,
2
O kx4
2
O;
2
O 45
2
TBLK X Bjl Ja O prxxs
2
TBLK X ABjkl 0 O Brxx4B

fAGBLKxB

2

For Block by Factor B, the E[MSg k x 5] is:
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For the error term, the subscript is jkl:

Type: F
Ja
Effect k Symbol
2
Ok
2
0,
2
O kx4
2
O;
2
O 45
2
TBLK X Bjl Ja O prxxs
2
TBLK X ABjkl 0 O Brxx4B

2
The E[MSgik x ap; is simply: O prkx4s

“Error 2 1s a combination of BLK X B with BLK X AB,
which is:

2 2 2
O, = 4O pikxs T+ O pixwas

Assuming no interaction between Blocks and Factor B, this
2
Oc2 =OprkxuaB
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For the ANOVA table then: Using j=1 to J blocks; k=1 to
K Factor A levels; /=1 to L Factor B levels; and using
error 1 and error 2 (as per the notes RCB Split-Plot):

Source df MS Both A and B
are Fixed;
Blocks are
Random
Block J-1 MSBLK KL ngLK2
Factor A |K-1 MS, Lo 12 +d,
Exp. Err. #1| (J-1)(K-1) | MSg; Lo,
Factor B ; 2
actor L-1 MSp c,, +,
AxB (K-1) MSaxs o, +
(L-l) g2 ¢A><B
Exp. Brr. #2 | K(J-1) | MSg» o,
(L-1)
Total JKL-1
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Generalized RCB, one-fixed factor with subsampling.
Blocks assumed fixed.

1. Write up linear model.

Vit = Heoe T Tk ; ¥ Trri T Tpir i T €iny T €10
for j=1 to J, k=1to K,
(blocks) (Treatment=Factor A)
i=1 to n, (Exp. units in jk)
and /=1 to m (sampling in each exp. unit)

NOTE: will use instead:
forj=1to b, k=1tof,
(blocks) (Factor A)
Then b is taken from B possible blocks;
£ 1s taken from F, possible levels of Factor A;
n is taken from N possible experimental units;
m 1is taken from M possible samples in each experimental
unit.

The first error term, is the EU error; the second error term
1s the SU error.
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Steps 2 and 3: Generate table of indices and number of

factor levels etc. Indicate which factors are fixed versus

random and add a symbol for each component. Note that
we will use the symbol for variance (random-effects) for

all components, and change this to @ for the fixed-effects
treatment at the end.

Type:| F | F R R
b | Ja n m
Effect Jj k ] [ | Symbol
TBLKj Ok 2
TTRk (o™ Z
TBLK X TRjk O pLiTR 2
2
éigh O kg
Elfily Oy
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4. Fill in the table by:
a. Put down a “1”, where subscript is bracketed
(nested)
b. For each effect, put down the end value (e.g., f;
for number of levels of Factor A) for each
subscript that does not appear for the effect

Type:| F | F R R
b | fa n m
Effect Jj k [ [ | Symbol
TBLKj Ja & " Op1k 2
TTRk b n molg
TBLK X TRjk n oo BLKXTR 2
EiGjk) 1 1 o ’
i) L Oy
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5. Change FPC values to either 1 or zero.

c. Add the “finite population correction factor” for a. If factors are random and there is a very large number
each of the other factors: e.g., for Blocks, this is of available levels, e.g., N=co. Thus FPC—1
[L—bj - [1 _ﬁj b. If factors are fixed, then the number of available
B B factors is the number of factors sampled, e.g., f; =
Type:) F | F | R | R F,. Thus, FPC—0
b Ja n m c. If factors are random and there is a finite number of
Effect j k ] [ |Symbol available factors, then no change is made (we will
LK) [1 b ) fa n mo 2 assume we have none of these).
B : Type:| F F R R
TrRk b (1 - IJ:AJ n m o b Ja n m
! Effect j k i [ | Symbol
- Tor s 0 f n m ’
TBLK X TRjk (1 - %) (1 - fAj n m O BLKXTR Py ’ GBL[;
F, TIRE b 0 n m o
Eifi 1 1 ( - j m ’ BLK X TRjk 0 0 " " O pLrxTR z
l(]k) 1-— O—
EE Eigihy 1 1 1 m 2
O gk
Elfihy ! ! 1 (1 ) ]ln/;j o5 Elcihy : : : b oy




6. Write up components

a. For each effect, select all the row(s) with effects that
contain the same subscript(s)

b. Ignore any columns with the heading for that (those)
subscript(s). (i.e., select all columns that do not have
the subscript.

c. Add up the product of the remaining columns for the
selected row(s)

For Blocks, the subscript is j.

Type: F R R
Ja | n m
Effect k i [ | Symbol
TBLKj Ja & " Ok 2
TTRk O : Z
TBLK X TRjk 0 n mo g
il 1 Lym g,
i b bey

For Block, the E[MSg; k] is:
2 2 2
fnmo g tmoy +og

Since Blocks are fixed:

2 2
Pp i + MO~ + 0
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For Factor A (treatment), the subscript is £:

Type:| F R R
b n m
Effect Jj i [ | Symbol
Ok
Tik b n m s ’
TBLK X Ajk 0 n mo g o
& (k) 1 1 m O_EE 2
it 1 1 P

For treatments (Factor A), the E[MStg] is:

2 2
bnmoy, +moy” +0og

Since treatments are fixed:

2 2
¢TR + mO-EE + GSE

2
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For the experimental units nested in blocks by treatments,

For Block X Factor A, the subscript is jk: the subscript is ijk:
Type: R R Type: R
n m m
Effect ] [ |Symbol Effect [ |Symbol
Opix Ok
O O1r
TBLK X Ajk & " O BLKXTR 2 O BLKXTR 2
Ei(jk) I "oy 2 ik "o 2
(k) I ey El(ih) b loy
For Block by Factor A, the E[MSg; « x tr] 1: For the experimental units, the E[MSgg] is:
2 2 2 2 2
MMO g g TMOpp T 0 MOy, +O0g
Since Blocks and treatments (Factor A) are fixed: And for the samples in each experimental unit, the
2 2 E[MSgg] is:
Dyrixrr T MO + O [MSsel

2
O
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If Blocks are random and treatments are fixed, steps 1
to 4 are the same:

Type:| R F R R
b Ja n m
Effect Jj k i [ | Symbol
A b ’
TBLKj 1- EJ Ja n m Ok
TTRk b 1- f‘*] n m Oz 2
FA
b 2
TBLK X TRjk ||1- EJ 1- g] n m O prxTR
Eifih) 1 - %} mo g
Elij ! e

5. Change FPC values to either 1 or zero.

d. If factors are random and there is a very large number

of available levels, e.g.,

~o0. Thus FPC—1

e. If factors are fixed, then the number of available

factors is the number of factors sampled, e.g., f; =
F,. Thus, FPC—0
f. If factors are random and there is a finite number of

available factors, then no change is made (we will

assume we have none of these).

Type:| R F R R
b Ja n m
Effect j k i [ | Symbol
TBLKj ! Ja " " Oprk 2
TIRK b 0 n mo o, 2
TBLK X TRjk 1 0 n M| G e
it 1 IR R
it 1 R R DA




6. Write up components

d. For each effect, select all the row(s) with effects that
contain the same subscript(s)

e. Ignore any columns with the heading for that (those)
subscript(s). (i.e., select all columns that do not have
the subscript.

f. Add up the product of the remaining columns for the
selected row(s)

For Blocks, the subscript is j.

Type: F R R
Ja | n m
Effect k i [ | Symbol
TBLKj Ja & " Ok 2
TTRk O : Z
TBLK X TRjk 0 n mo g
il 1 Lym g,
i b bey

For Block, the E[MSg; k] is:
2 2 2
fnmo g tmoy +og

503

For Factor A (treatment), the subscript is £:

Type:| R R R
b n m
Effect Jj i [ | Symbol
Ok
Tik b n m s ’
TBLK X Ajk 1 n m O pLKxTR 2
& (k) 1 1 m O_EE 2
£ ! b ey

For Factor A, the E[MStR] is:
2 2 2
bnmoy,” +nmo g n tMOL Oy

2

Since treatments are fixed, but blocks are random:

2 2
Prp + NMO g ™ + MO + 0

2



For the experimental units nested in blocks by treatments,

For Block X Factor A, the subscript is jk: the subscript is ijk:
Type: R R Type: R
n m m
Effect ] [ |Symbol Effect [ |Symbol
Ok Ok
O O
TBLK X Ajk n m O prixTR 2 O pri«TR 2
Ei(jk) I "oy 2 ik "o 2
Elijh b ey Elijh oy
For Block by Factor A, the E[MSg; « x tr] 1: For the experimental units, the E[MSgg] is:

2 2

2 2 2
nm GBLKXTR + mO-EE + O-SE mO-EE + O-SE

And for the samples in each experimental unit, the
E[MSSE] 1S:

2
O
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Power of the Test

Four possible results from Hypothesis testing:
Reject HO | Accept HO
HO True o l-a
HO False - Jij

1. HO is true, and we accept HO (we fail to reject it). Correct
outcome. Probability of this is 1-a

2. HO is false (HI is true instead) and we reject HO. Correct
outcome. Probability of this is 1-4. This is called the Power
of the Test.

3. HO is true, but we reject HO. Not correct! Called the
Type I error rate, the chance of rejecting a null hypothesis
when it is true. For example, you reject when the means are
actually the same, for a fixed-effects factor The probability
of this happening is o, the significance level that you select.

4. HO is false, but we accept HO (we fail to reject it). Not
correct! Called the Type II error rate, with a probability of £,
the chance of accepting a null hypothesis when it is false.
For example, you fail to reject HO: when the underlying
population means are actually different.
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Let’s say we are looking at a simple hypothesis, that the true
mean is equal to a value, y=wy:

HO. pi=14

We then test this by:
e Collecting a number of observations (n) from the
population with mean of

e Calculating the sample mean, . is an unbiased estimate
of u
o [f we repeat this a number of times, the sample means
will vary around the real mean, with some sample
means being far away from u
e The variance of the sample means among different
sample sets will depend upon:
o The number of observations in each sample set: As
n T, the variance of these means will decrease.
o If the variance in the observations is low, the
variance of these means will also be low, for a
given n.
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Let’s say the alternative is that the true mean is greater than
Ho:

H1: >

and state this as:

H1 p=w where this is larger than g4,

Using a t-test (the y values follow a normal distribution, or

is large), sometimes we will reject HO: =14, even when the
sample was from that population.

o is the significance
level that we set.

a is the probability
that

we reject HO when it
is true, a Type |
error, and conclude
that it came from the
population with

M=1y. An error! 35 25 15 05 05 15 25 35
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We choose o but how do we get 87

p=Type Il
B error; f1s the
probability
a that we
Accept HO
35 25 15 05 05 15 25 35 45 55 (dO not

Ho Hi reject) when
it is false,
e.g., if pis really equal to 1y . The Power of the Test is 1-4.

p is directly related to the & level that we chose.
If we set @ smaller (Type I error), S will get larger (Type II
error)!

Examples:
1. sample mean = -2.5. Conclusion?

2. sample mean =0.5. Conclusion? Correct? Depends!
3. sample mean=2.5. Conclusion? Correct? Depends!

4. sample mean =4.5. Conclusion? Correct?
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How do we increase Power of the Test?

1. If we set a larger, fwill get smaller. But then the Type I

error is larger!

“lumpers” — large «; “splitters” — small o

2.1f p=gy 1s very far from p=uy, fwill get smaller.
As our
alternative
B hypothesis
(C.g., :ul)
« moves
farther
away from
the null
value (e.g.,

o), B

-35 -25 -15 -05 05 15 2.5 3.5 4.5 55

decreases and the power of the test increases.

3. Reduce the variance of the sample mean between different
sample sets by:

o {| number of observations in each sample: Asn
thdvariance of these means will decrease.

o If'the variance in the observations is low, the
variance of these means will also be low, for a
given n. Can do this via stratifying, or in
experiments, by blocking.
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For experiments, for a given « level, power changes with:

e the sizes of the real differences between true
(population) treatment means, and

e variation between experimental unit means (the means
from the experiment) for a given treatment.

¢ the type of test we use to test our hypothesis. For
experimental design, we use an F-test (or more than one
F-test)

e CAUTION: If there are repeated measures, spatial
correlations, unequal variances, and/or non-normality
for the error term(s), this becomes very complex. Can
use transformations to meet the assumptions in some

Cascs.
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In Power Analysis for experiments, we want to either:

1. Calculate the Type II error and the power after the
experiment is done, given the size of differences that
we had in our experimental data, OR

2. Calculate the Type II error before conducting the
experiment

¢ putting in the size of the differences that we wish
to detect (e.g., how much more does height growth
have to be before we would add fertilizer?)

e the alevel, and

e change the experiment (more experimental units)
to achieve a certain power (e.g., 0.80)

If Power analysis is used to alter the experiment, prior to
it being conducted, then any differences that are detected,
WILL BE DIFFERENCES OF PRACTICAL
IMPORTANCE.
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How do we calculate Power after conducting the experiment (
post-hoc power analysis)? Steps:

1. The experimental design is already set, along with the number
of experimental units in each treatment, and the sizes of
differences that were detected in the experiment.

2. Choose a. e.g., =0.05
3. Find the critical region using .

e.g., suppose we have a CRD: one fixed-effect factor, with:
J=5 treatments, and df treatment is 5-1=4

n=3 observations in each treatment, and df error is
5(3-1)=10

Therefore, Fcritical is F(0.95,4,10)=3.48

0.0 1.0 2.0 3.0 I 4.0
F(4,10,0.95)
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4. Power is the probability that we would get the Fcritical or a
larger value, if H1 was true (the means differed by the
amounts given in the experiment). Need to estimate the size
of the treatment effects (differences between means and the
grand mean) based on the experiment to get this probability.

E.g., for the example, the experimenter calculated:
SS7x=753 so MSzx=753/(5-1)=188.25
MSE=5.23

We know that E[MSyz |=¢x+0. and E[MSE]= 0,’, and

that:
J

2
nZITj
Prx :ﬁ where T, =H;—H
< 2
.7

so E[MS, 1=—"" 157
[MS ] 71

&

J

2.7
n Tj

then E[MS,,]— E[MSE]= ﬁ +o'-0o’

>il= Q(MSTR — MSE)

i1 n

L2 51
£7=""——(188.75-5.23) = 244.69

J

~
I

M~

~.
Il
R

Power is then Prob(F>Fcritical | Noncentral) where Noncentral
is the noncentrality parameter, when H1 is true. This is called a
“Noncentral F-distribution”.

Using the treatment
effects we did get in
the experiment, we can
then calculate the

noncentrality s
parameter, and find this

o 0.0 1.0 20 30 T 40
probability. F(4,10, 0.95)

J
"Z sz

Jj=1

2

GC
A 3x244.69
o = noncentral =—— =140.36

5.23

O = noncentral =

for n=3.
Then use SAS:

Data power;

* Power=l-probf (Fcritical,df Treatment, df
Error, Noncentral);

Power=1-probf (3.48,4,10,140.36) ;

Run;

The temporary file will have the result in it, which is 0.9999.
Very high power. Often try to get power between 0.80 and 0.95.
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How do we calculate Power before conducting the experiment?
Steps:

1. Select the experimental design
E.g., simplest is CRD with one fixed-effect factor. Power
analysis changes with the design, since the numerator and the
denominator of the F-tests change.

2. State each HO and H1. BUT HI1 must be explicit, as to the
size of the differences that you wish to detect.
E.g. CRD with one fixed-effect factor:
H]Z y1=10, ﬂgzll, M3 = 12, Hy = 13, M5 = 14
With a grand mean of 12, so the treatment effects are
T1=-2, T,=-1, 1570, t14=+1, 1s=*+2, and:

J 2
>z =10

J=1
We would like to detect quite small differences. If we reject
HO, and conclude H1, the differences are at least this large
(called minimum distances). And if these differences are

detected, this is a difference of practical importance.

3. Choose a. e.g., «=0.05. Find the critical F value using
a. e.g, for 3 experimental units per treatment, df(error) is 5(3-
1)=10. Fu, 10,095 = 3.48. Therefore, the critical region is
F>3.48

4. Power is the probability that we will get Fcalculated that is
greater than 3.48, given that the means are as given in H1 (i.e.
HI is true). We again need use the noncentral F distribution:

Power=Prob(F>Fcritical | Noncentral)
where Noncentral is the noncentrality parameter, when H1 is
true. Using the treatment effects we wish to be able to detect
(or larger differences), we can then calculate the noncentrality
parameter, and find this probability. BUT we need an
estimate of the variance of the error terms from a previous
similar experiment!

Using the last experiment as being similar: MSE=5.23 is our

estimate of the variance of the errors.

J
2
"ZTJ' ~ 3x10
é'znoncentral:% o= 523 =5.74
o, .
for n=3.

Then use SAS:

Data power;

*  Power=l-probf (Fcritical,df Treatment, df
Error, Noncentral);

Power=1-probf (3.48,4,10,140.36) ;

Run;

The temporary file “power” will have the result in it, which is
0.30. Very low power. Often try to get power between 0.80
and 0.95. These are small differences which will be harder to
detect.



Options:

1. What about increasing this to n=4 experimental units per
treatment (20 experimental units for the experiment)? The df
treatment is still 4, but the df(error) is J(n-1) which is 5(4-1)=15.
This has a critical F(4,15’0.95): 3.06

J
2
ny t.
]Z_; ! ~ 4x10
O = noncentral = > o= =7.65
o 5.23

&

for n=4.

Data power;

* Power=l-probf (Fcritical,df Treatment, df
Error, Noncentral);

Power=1-probf (3.06,4,15,7.65);

Run;

This results in a power of 0.44. The chance of rejecting HO

when there is at least these differences is only 44%. There is a
large chance of accepting HO, when it is false (Type II error).

519

2. Another option is to use a different experimental design.
What if we think we can reduce the MSE to 1.5 by using 2
Blocks in the design, but only n=2 experimental units per
treatment (5 X 2 X 2=20 experimental units in total). We then
have J=2 blocks, K=5 treatments, and n=2 experimental unit in
each Block/Treatment combination. The df(error) is then JK(n-
1) which is 2 X 5 (2-1)=10. The F critical is F(4 10,0.95=3.48.

J
2
O 2x10

— .
0 = noncentral = ——; o=

(o)

&

=133

Data power;

* Power=l-probf (Fcritical,df Treatment, df
Error, Noncentral);

Power=1-probf (3.48,4,10,13.3);

Run;

The power is now 0.63.
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3. Power is still not high enough, but cannot afford more
experimental units or blocks? Change your expectations, also:

Hi: =9, =11, y5=12, ;= 13, pus =15
With a grand mean of 12, so the treatment effects are

J
2
1,=-3, 1,=-1, 1;=0, 1,=+1, 1s=+3, and: Z}:Tj =20
=

The F critical is F410,0.95=3.48, as in option 2.

J
2
O
O = noncentral = % o=
o 1.5

&

=26.7

For n=2 and using the estimated variance of the error terms
when 2 blocks are used.

Data power;

*  Power=l-probf (Fcritical,df Treatment, df
Error, Noncentral);

Power=1-probf (3.48,4,10,26.7);

Run;

The power is now 0.92! Only an 8% chance of a Type II error.
See SAS code called
One_way_anova_power_using_min_differences.sas

Gives power for different alpha levels, and n.

References:
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Textbook: [newest edition in White]
Ch. 16.10; 19.11; 21.9;

Biometrics Information Handbook and Pamphlets (see
www.forestry.ube.ca/biometrics and click on “link” to find
the website for these handbooks), particularly:

Nemec, A.F. 1991. Power analysis handbook for the design and
analysis of forestry trials, Handbook No. 2. BC Ministry of
Forests, Research Branch, Victoria, BC.

Bergerud, W. 1995. Post-hoc power analyses for ANOVA F-tests.
Pamphlet #52. BC Ministry of Forests, Research Branch,
Victoria, BC.

Bergerud, W. 1992. A general description of hypothesis testing and
power analysis. Pamphlet #37. BC Ministry of Forests,
Research Branch, Victoria, BC.

Bergerud, W.1995. Power analysis and sample sizes for completely
randomized designs with subsampling. Pamphlet #49. BC
Ministry of Forests, Research Branch, Victoria, BC.

Bergerud, W.1995. Power analysis and sample sizes for
randomized block designs with subsampling. Pamphlet #50.
BC Ministry of Forests, Research Branch, Victoria, BC.

Bergerud, W.1995. Programs for power analysis/sample size
calculations for CR and RB designs with subsampling.
Pamphlet #51. BC Ministry of Forests, Research Branch,
Victoria, BC.

522



Example from
Nemec, A.F. 1991. Power analysis handbook for the design and
analysis of forestry trials, Handbook No. 2. BC Ministry of
Forests, Research Branch, Victoria, BC.
Pp 15-16.
1. Experiment:
J=5 treatments, and df treatment is 5-1=4
n=3 observations in each treatment, and df error is
5(3-1)=10
Therefore, Fcritical is F(0.90,4,10)=2.605
2. Set means for H1:
Hi: 1,=600, 1,=500, 15 = 500, 1, = 400, s =400
With a grand mean of 480, so the treatment effects are

J
2
1,=120, 1,=20, 1;=20, 14=-80, ts=-80, and: Zﬂf = 28,000
J=

3. Estimate standard deviation of the errors as 200 c¢cm, so
variance of the errors is 2002.
4. Calculate noncentrality parameter:

J

2
”Z 7
O = noncentral = —=. - S :M _
o 40,000

&

For n=3.
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4. Calculate power using SAS:

Data power;

*  Power=l-probf (Fcritical,df Treatment,
Error, Noncentral);

Power=1-probf (2.605,4,10,2.1);

Run;

The power is 0.224.

df

524



Use of Linear Mixed Models for Experimental Design

What are linear mixed models?

They are a group of linear models that include:

e One dependent variable, that is continuous (usually
labeled as Y or y in textbooks)

¢ fixed components

o continuous variables, and/or class variables
represented by dummy (indicator) variables;

o fixed-effects in experimental design, predictor
variables in regression, usually labeled as X or x;

o associated coefficients are labeled as f§ in most texts.

e error term

o usually labeled as £ (use e if this is estimated errors,
not population errors)

o covariance matrix: variances and covariances of the
errors; labeled the R matrix in many mixed models
text books

o error terms follow a normal distribution

o error terms may have unequal variance, and /or
correlations (time and/or space) between error terms

o error terms are a random component.

and may include, also:
e random components
o covariance matrix (variances and covariances of these
random components) is labeled the G matrix in many
texts
o the “variables” (really a design matrix) are labeled as
Z, with associated coefficients “u”.
o these also follow a normal distribution
o some models have only random components, and no
fixed components

Aside: In math symbols, this becomes:

y=Bx+uZ+¢g V(i) =G'ZG +R

o Estimates of all parameters:
o the fixed component coefficients (including the
intercept),
o the variances for:
= the random components variances and
covariances; and random-effects coefficients
= variances (and covariances) of the error term
e are estimated using maximum likelihood
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Likelihood

Given a set of the estimated parameters (coefficients and
variances/covariances), what is the chance that we would get
the data that we did get?

For a discrete distribution of y (not the case in linear mixed
models), this would be a probability for the first observation
X the prob of the second observation, etc. to the last
observation — between 0 and 1.

For a continuous distribution, e.g., normal, this is the value
of the probability density function for the first observation X
the probability density function for the second observation,
etc to the last observation — not necessarily less than 1.

Maximum Likelihood

Change the set of estimated parameters until we get the
largest possible likelihood.

Often easier to take the logarithm of the likelihood to do this
— most packages report the log likelihood, or
-2 X log likelihood.

Searching for the Maximum Likelihood

Most packages get the maximum likelihood by:

o Searching for a set of all of these estimated
parameters that will result in the maximum
likelihood of obtaining the data that we did get (ML
method)

OR

o Finding estimates of the fixed component coefficients
first (sometimes using least squares methods), and
then using the residuals from that to get the random
components (REML).

Because this is a search to find a solution (the estimates that
give the maximum likelihood), the search proceeds by :

o getting estimates, calculating the (log) maximum
likelihood (one iteration),

o altering the estimates, and recalculating the
maximum likelihood (another iteration), and

o so on, until the estimates don’t change (or this may
stop based on the likelihood does not change.




However, the search may not converge —
o means that the estimates are not becoming the same
over the iterations of the search.
o You may need to:

* increase the number of iterations,

= change the way the search is done (e.g.,
Marquardt is one method for searching that is
commonly used)

* It may mean that your model is not correctly
specified, or it is just very hard to find a solution
if your models if very complex.

The search may converge, but with the statement that the
“Hessian is not positive definite”
o This will mean that the variance estimates are not
reliable.
o This can occur with a complex model, or when the
model is not correctly specified.
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Mixed models for experimental design

Linear mixed models enable us to get estimates for mixed-

effects models, including:

o testing the fixed-effects factors for interactions, and main
effects (Type III SS, F-tests). SAS will use the correct F-
tests based on Expected Means Squares.

o Get t-tests for pairs of means using the correct
denominator Mean Squares (same as the one used in the
F-test)

o Get estimates of the variances for the random effects,
including the variance of the residual error.

e Testing assumptions: bit harder to do!

o Use residuals from GLM and do the tests?

o Check the log likelihood — should be better (higher
log likelihood OR lower -2 log L) as you better meet
the assumptions.

Example 1: CRD with one-fixed and one-random factor
(handed out in class) -- discussion.

Others used in class: Time permitting only.

Example 2: Randomized Block Design with replicates in
each block (Generalized Block Design; handed out in class as
one of the designs under Randomized Block Design with other
Experiments)

Example 3: CRD: one fixed-effect factor with subsampling
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References:

Littell, R.C., G. A. Milliken, W.W. Stroup, and R.D.
Wolfinger. 1996. SAS system for Mixed Models. SAS
Institute Inc., Cary, NC.

Pineiro, J.C. and D.M. Bates. 2000. Mixed-effects models in
S and S-plus. Springer, New York.

Schabenberger, O. and F. J. Pierce. 2002. Contemporary
Statistical Models. CRC Press, New York (available
electronically to UBC students as by accessing:

1. www.library.ubc.ca
Indexes and Databases
Stats Net Base
Then search for “Schabenberger”
Then select Chapter 7. “Linear mixed models for
clustered data.”

ANl

NOTES:

1. Generalized Linear Mixed Models allow for class
variables and count variables also (PROC GLMMIX).

2. Nonlinear Mixed Models allow for nonlinear models
(PROC NLMIX).

CRD: Random and Mixed Effects

Example Using SAS: Two Factors, CRD.

e Factor A, (three levels of fertilization: A1, A2, and A3) (J=3)
— fixed-effects

e Factor B (four species: B1, B2, B3 and B4) (K=4) Random-
effects

e Crossed: 12 treatments

e Four replications per treatment (n=4) for a total of 48
experimental units

e Measured Responses: height growth in mm

species is random -- these are a few of the species that we are

interested in and we wish to look at the variance in height

growth that is due to species.



o Expected Mean Square Values Comparison:

Mean Model 1 Model 11 Model 111
Square |Both A and | Both A and B are A is Fixed
B are Fixed | Random B is Random
[\ 2 2 2 ) 2 >
o, +¢,+ | o, +nKo, +no," | o, +¢,+no,,
(MSA)
B 2 2 2 2 2 2
o, +¢, | 0. tnJoy +no | o, +nloy,
(MSB)
AXB 2 : 2 ? 2
o, +¢AB O, tno, O, tho
(MSAB)
Error o, 2 o, 2 o, 2
(MSE)
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SAS CODE:

PROC IMPORT OUT= WORK.twofactor
DATAFILE=
"E:\frst430\lemay\examples\encyl examples.xls"
DBMS=EXCEL REPLACE;
SHEET="crds$"; GETNAMES=YES;
MIXED=NO; SCANTEXT=YES;
USEDATE=YES; SCANTIME=YES;
RUN;

options 1s=70 ps=50 pageno=1;

* Using the same data as for fixed two-factor
experiment, but assuming that factor b is random;
PROC GLM data=twofactor;

class a b;

model result=a b a*b;

random b a*b/test;

test h=a e=a*b;

lsmeans a /e=a*b pdiff tdiff;

output out=glmout r=resid p=predict;

run;

proc plot data=glmout;
plot resid*predict='*";
run;

proc univariate data=glmout normal plot;
var resid;
run;

PROC MIXED data=twofactor;
class a b;

model result=a;

lsmeans a/pdiff;

random b a*b;

run;



The SAS System 1 Removed Type | SAS output.

The GLM Procedure

Source DF Type III SS Mean Square F Value
Class Level Information
A 2 1258.166667 629.083333 514.70
Class Levels Values B 3 934.750000 311.583333 254.93
A*B 6 17.000000 2.833333 2.32
A 3 123
B 4 12 3 4
Source Pr > F
Number of Observations Read 48
Number of Observations Used 48 A <.0001
B <.0001
The SAS System 2 A*B 0.0539
The GLM Procedure
) The SAS System 4
Dependent Variable: result result
The GLM Procedure
Sum of
Source DF Squares Mean Square F Value Source Type III Expected Mean Square
Model 11 2209.916667 200.901515 164.37 2 Var (Error) + 4 Var (A*B) + OQ(A)
Error 36 44.000000 1.222222 B Var (Error) + 4 Var (A*B) + 12 Var(B) ????
Corrected A*B Var (Error) + 4 Var (A*B)
Total 47 2253.916667

These are not reliable — do not match textbooks nor
Source Pr > F determination of EMS using the rules. Tests on the
following page also not useful.
Model <.0001
Error
Corrected Total

R-Square Coeff Var Root MSE result Mean

0.980478 4.850640 1.105542 22.79167
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The SAS System 5
The GLM Procedure

Tests of Hypotheses for Mixed Model Analysis of
Variance

Dependent Variable: result result
Source DF Type III SS Mean Square F Value

* A 2 1258.166667 629.083333 514.70

B 3 934.750000 311.583333 254.93
A*B 6 17.000000 2.833333 2.32
Error:
MS (Exrror) 36 44.000000 1.222222

* This test assumes one or more other fixed effects are
zZero.

Source Pr > F

* A <.0001
B <.0001
A*B 0.0539

Error: MS (Error)
* This test assumes one or more other fixed effects are
zZero.
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The SAS System 6

Least Squares Means
Standard Errors and Probabilities Calculated Using the
Type IITI MS for A*B as an Error Term

result LSMEAN
A LSMEAN Number
1 16.2500000 1
2 23.3750000 2
3 28.7500000 3

Least Squares Means for Effect A
t for HO: LSMean (i)=LSMean(j) / Pr > |t|

Dependent Variable: result

i/3 1 2 3
1 -11.9724 -21.0042
<.0001 <.0001
2 11.97239 -9.03181
<.0001 0.0001
3 21.0042  9.031807
<.0001 0.0001

NOTE: To ensure overall protection level, only
probabilities associated with pre-planned comparisons
should be used.

MUST use the Bonferroni correction. For every test,
compare the p-value to alpha/# pairs.
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The SAS System 7

Dependent Variable: result result

Tests of Hypotheses Using the Type III MS for A*B as an
Error Term

Source DF Type III SS Mean Square F Value
A 2 1258.166667 629.083333 222 .03
Source Pr > F
A <.0001

From class, we estimated the variance for Factor B as

(n=
E[MSB]=0, +nJo,

E[MSE]=0,

E[MSB]- E[MSE]=c, +nJo,’—o,
»  E[MSB]- E[MSE]

2

Op
nJ
&32 _ MSB - MSE _ 311.58-1.22 1586
nJ 4x%3
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The SAS System

Plot of resid*predict. Symbol used is

[

75 * *
50 - * *
25 -~ * * * * *
0.00 ~ * *
_0.25 -~ * * *
70_50 - * *
_0'75 - * * * * *
-1.00 ° *
_1'25 - * * *
-1.50 ° *
-1.75 °
-2.00 °
-2.25 °
-2.50 ° *
b - .- .- N - .
10 15 20 25 30 35 40
predict
NOTE: 12 obs hidden.
Some SAS outputs removed.
The SAS System 9
The UNIVARIATE Procedure
Variable: resid
Tests for Normality
Test --Statistic-- --p Value----
Shapiro-Wilk W 0.977162 Pr < W 0.4666
Kolmogorov-Smirnov D 0.114207 Pr > D 0.1169
Cramer-von Mises W-Sg 0.082279 Pr >W-Sg 0.1963
Anderson-Darling A-Sg 0.513709 Pr >A-Sg 0.1926
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The SAS System 11

The UNIVARIATE Procedure

Variable: resid
Stem Leaf # Boxplot
25 1 |
2 |
1 58 2 |
1 022222 6 |
0 558888 6 +-—— +
0 00000022222 11 X —po—%
-0 2222 4 | |
-0 888888888855 12 +o——— +
-1 2220 4 |
-15 1 |
-2 |
-2 5 1 |
e e e s
Normal Probability Plot
2.75+ *

| et

| Fpk ot

‘ ***+**+

| KKKt

‘ *****+*

| kKoK 4

| ok ok Kk kK

| * kg4 r 4

| +++++

| ++4+*+

-2.75+
B it St et St fom——t————4
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The SAS System 12
The Mixed Procedure

Model Information

Data Set WORK.TWOFACTOR
Dependent Variable result

Covariance Structure Variance Components
Estimation Method REML

Residual Variance Method Profile

Fixed Effects SE Method Model-Based

Degrees of Freedom Method Containment

Class Level Information

Class Levels Values
A 3 123
B 4 12 34

Levels for A and B correct.

Dimensions
Covariance Parameters 3
Columns in X 4
Columns in Z 16
Subjects 1
Max Obs Per Subject 48

Have 3 covariance parameters, as there are 3 random
components: B, A X B, and the error term.
Columns in X: 4. Why? Factor A uses 3 dummy variables
for 3 levels, plus the intercept.
(NOTE: can use “noint” — to remove the intercept)
Columns in Z: 16. Why?
Factor B has 4 levels. Uses 4 dummy variables
Factor A X B is 3 dummy variables for Factor A X 4
dummy variables for Factor B= 12
Subjects: only one dataset — not subdivided by
anything. So 48 obs in one subject (n=4 exp. units per
treatment)
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Number of Observations Type 3 Tests of Fixed Effects

Number of Observations Read 48 Num Den
Number of Observations Used 48 Effect DF DF F Value Pr > F
Number of Observations Not Used 0

A 2 6 222.03 <.0001

Iteration History
Correct F-test.

Iteration Evaluations -2 Res Log Like Criterion
Least Squares Means
0 1 275.37975211

1 1 166.72010292 0.00000000 Standard
Effect A Estimate Error DF t Value Pr>|t|
The SAS System 13 A 1 16.2500 2.5709 6 6.32 0.0007
A 2 23.3750 2.5709 6 9.09 <.0001
The Mixed Procedure A 3 28.7500 2.5709 6 11.18 <.0001

Convergence criteria met.

dF(MSAB)=(3-1)X(4-1)=6

Covariance Parameter
Estimates From the GLM output, we expected:

Cov P Estimat MSAB
oV rem Shmare S.E(Factor A level mean) = _|| ——
B 25.7292 Kn
AR 0.4028 For mixed models, MSAB is replaced with:
Residual 1.2222

MSAB=6, +né ,, =122+(4)(0.4028) =» g312

[was 2.833 using least squares)

Fit Statistics

-2 Res Log Likelihood 166.7

AIC (smaller is better) 172.7

AICC (smaller is better) 173.3 S.E(Factor A means)= (2'833J:0.4207

BIC (smaller is better) 170.9 4x4
Instead of R Squared used in least squares, we have -2 - - -
Res (residual) log likelihood. WI:IY is this given as 2.57097?? VERY
Instead of R squared adjusted, we have AIC, AICC, BIC different using PROC MIXED vs PROC GLM.

Why?
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Littell and others (1996) indicate that the
ones In GLM are not correct. That we
should add in all of the random variances.

Using the population model for two factors:

Population: Vix =H T T4, T T +T 5, TE,

They suggest that for the Factor A level
means are calculated as:
Vejo :ﬂ+TA_/ + 7, +TABJ'. +€.j.
When Factor B is fixed, the effects due to
B and AB do not contribute to the variance
(the average effect for B is 0, as well as
the other terms). Then the variance of the
Factor A level means is simply the variance
of the error term (estimated by MSE),
divided by the number of observations for

that Factor A level (and the F-test is
MSA/MSE) .

When Factor B is random, the F-test is
MSA/MSAB, to isolate the effects for Factor
A.

For confidence intervals on Factor A level
means, there is the variance of the error
term + variance of B + variance of AB
divided by the number of observations in
this Factor A level. This means the
standard error would be changed to:

Estimated Variance (Factor A level means)
=Var(zy,)+Var(z ;) +Var(e,;.)

2

A 2 ) A 2 A 2 ) ~
_ Oy +0AB +Gg _ no, +no, +o.

K K Kn Kn
Divisors:

e K values used to calculate the average
Factor B effect;

e K values used to calculate the average
interaction effect for each Factor A
level;

e Kn values used to calculate the average
error for each Factor A level.
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Standard Error (Factor A level means) is the square root of
this. For the example:

(1 22 +(4)0.4028 + (4)25.76]
4x4

=2.5723

As per the MIXED output [shows 2.5709]

Differences of Least Squares Means

Standard
Effect A A Estimate Error DF t Value Pr>|t]
A 1 2 -=7.1250 0.5951 6 -11.97 <.0001
A 1 3 -12.5000 0.5951 6 -21.00 <.0001
A 2 3 -=5.3750 0.5951 6 -9.03 0.0001

Pairs of means t-tests same as for GLM using A X B as the
error term for Factor A.

S.E(meanl —mean2) = | MSAB ! + !
nobsl nobs2

=,[2.8312 L+L =0.5949
4X4 4Xx4

Corresponds with least squares means, as other variance
terms cancel out when we get the variance in the difference
of the means.

Randomized Block Design with replicates in each block

Example: Randomized Block Design (RCB), with Factor A
(three types of food: Al to A3), and two labs (blocks).
Randomization of Factor A is restricted to within labs.

Lab 1 Lab 2
Al=6 |Al=5 A3=11 A3=12
A3=10 | A2=8 Al=4 A2=9

A2=7 |A3=12 A2=8 Al=5

Response variable: weight gain of fish (kg)
Experimental unit: one tank of fish; 6 tanks in each lab

Use the SAME analysis as for CRD with one fixed and one
random factor — no difference in analysis. However, the
conclusions WILL vary, as we are only interested in sites as a
way to remove variation for the F-test, and for pairs of means t-

tests.



CRD: One Factor Experiment, Fixed Effects with SAS code: Three options presented
4. Using PROC GLM and the sample observations. Model

subsampling [26.7 of textbook (White)] yijk= treat batch(treat);
5. Using PROC MIXED, and the sample observations.
Example from Textbook: Model yijk=treat; Random batch(treat);
e Have three temperatures: low, medium, and high
e For each, we have two experimental units (batches) The F-test for the treatment is F=MStr/MSgg
e For each batch, we have three loaves of bread
e The response variable is crustiness of bread. For the mean of the treatment:
Vejo THTTrpi T Epye; T E5uaje
Data:
temp  batch observation yijl Where experimental errors are random, and the sampling errors
low 1 1 4 are random, with a fixed treatment.
low 1 2 7
low 1 3 9 Estimated Variance (Factor A level means)
low 2 1 12 _ _
low 2 2 8 =Var(tyy, ;) +Var(&g.;.)
low 2 3 10 5 ) 5 >
medium 1 1 14 _ Ok n O _ mo g, + Op
medium 1 2 13 n nm nm
medium 1 3 11
medium 2 1 9
medium 2 2 10 Since the numerator is the Expected value for MSgg , the
medium 2 3 12 standard error of the mean is estimated by:
high 1 1 14
high 1 2 17 S.E(Factor A level mean) = (%j
high 1 3 15 nm
high 2 1 16
high 2 2 19 Get the same results using GLM as using MIXED. [also get the
high 2 3 18 same results using the mean values for each experimental unit as

the y-variable]
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PROC IMPORT OUT= WORK.onesub
DATAFILE= "E:\frst430\lemay\examples\
subsampling neter newest pll09.xls"

DBMS=EXCEL REPLACE; SHEET="datas$";
GETNAMES=YES; MIXED=NO; SCANTEXT=YES;
USEDATE=YES; SCANTIME=YES;

RUN;

options 1s=70 ps=50 pageno=1;

* Analysis 1. first, use GLM and bring in the
Experimental error and the Sampling error into the
design;

PROC GLM data=onesub;

class temp batch;

model yijl=temp batch (temp);

random batch (temp) /test;

test h=temp e=batch (temp) ;

lsmeans temp /e=batch (temp) pdiff tdiff;
output out=glmout r=resid p=predict;

run;

proc plot data=glmout;

plot resid*predict='*";

run;

proc univariate data=glmout normal plot;

var resid;

run;

* Analysis 2: this is using maximum likelihood for
a mixed model to estimate variances and get correct
F-tests;

PROC MIXED data=onesub;
class temp batch;

model yijl=temp;
lsmeans temp/pdiff;
random batch (temp) ;
run;

Analysis 1: GLM using samples with experimental error
given as batch(treat), and sampling error as the Error
term.

The SAS System 1

The GLM Procedure

Class Level Information

Class Levels Values
temp 3 high low medium
batch 2 12
Number of Observations Read 18
Number of Observations Used 18

The SAS System
The GLM Procedure

Dependent Variable: yijl yijl

Sum of
Source DF Squares Mean Square F Value
Model 5 284.4444444 56.8888889 21.79
Error 12 31.3333333 2.6111111
Corrected
Total 17 315.7777778
Source Pr > F
Model <.0001
Error
Corrected Total
R-Square Coeff Var Root MSE yijl Mean
0.900774 13.59163 1.615893 11.88889



(NOTE: Type 1 SS removed)

Dependent Variable: yijl yijl

Source DF Type III SS Mean Square F Value
temp 2 235.4444444 117.7222222 45.09
|batch(temp) 3 49.0000000 16.3333333 6.26
Source Pr > F
temp <.0001
batch (temp) 0.0084

NOTE: Variance components and GLM Mixed model analysis
given by SAS removed — often not correct.

Tests of Hypotheses Using the Type III
MS for batch(temp) as an Error Term

Source DF Type III SS Mean Square

temp 2 235.4444444 117.7222222
Source Pr > F
temp 0.0715

F Value
7.21

Least Squares Means
Standard Errors and Probabilities Calculated Using the
Type III MS for [patch(temp) as an Error Term

should be used.

Dependent Variable:

i/9 1
1 3.
2 -3.78571
0.0323
3 -2.14286 1.
0.1215

LSMEAN
temp yijl LSMEAN Number
high 16.5000000 1
low 7.6666667 2
medium 11.5000000 3

Least Squares Means for Effect temp
t for HO: LSMean (i)=LSMean(j) / Pr > |t]|

yijl
2 3
785714 2.142857
0.0323 0.1215
-1.64286
0.1990

642857

0.1990

NOTE: To ensure overall protection level, only
probabilities associated with pre-planned comparisons

553

Plot of resid*predict. Symbol used is '*'.

resid ,
2.000 ~ *

1.667 ~ * * *

predict




NOTE: AIl outputs removed except for Normality tests

The UNIVARIATE Procedure
Variable: resid

and box plot and normality plot

Tests for Normality

Test --Statistic--- -p Value------
Shapiro-Wilk W 0.908031 Pr<w 0.0794
Kolmogorov-Smirnov D 0.17031 Pr>D >0.1500
Cramer-von Mises W-Sg 0.084708 Pr>W-Sgq 0.1732
Anderson-Darling A-Sg 0.605378 Pr>A-Sg
Stem Leaf # Boxplot
20 1 \
1777 3 \
133 2 +--——= +
0 | I
0 033 3 I+
-0 333 3 *ommoo *
-0 | |
-1 333 3 +--—== +
-1 77 2 \
-2 0 1 \
B e e e
The UNIVARIATE Procedure
Variable: resid
Normal Probability Plot
2.25+ +H4 K
| *ooKfxt
| * Kpffdt
0.75+ +tt
| prkpr
| .
-0.75+ et
| HHpxr *
| g
-2.25+ ot
Bt S ettt S fommmt ot
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Analysis 2: MIXED using each sample unit value.
The SAS System
The Mixed Procedure

Model Information

Data Set WORK .ONESUB
Dependent Variable yijl
Covariance Structure Variance
Components

Estimation Method REML
Residual Variance Method Profile
Fixed Effects SE Method Model-Based
Degrees of Freedom Method Containment

Class Level Information
Class Levels Values
temp 3 high low medium
batch 2 12

Dimensions
Covariance Parameters
Columns in X
Columns in 2
Subjects
Max Obs Per Subject 1

O~ o DN

Number of Observations
Number of Observations Read 18
Number of Observations Used 18
Number of Observations Not Used 0

Iteration History
Iteration Evaluations -2 Res Log Like Criterion
0 1 73.11545106
1 1 67.84036856 0.00000000

Convergence criteria met.
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Covariance Parameter

Estimates
Cov Parm Estimate
batch (temp) 4.5741
Residual 2.6111

Fit Statistics

-2 Res Log Likelihood 67.8
AIC (smaller is better) 71.8
AICC (smaller is better) 72.8
BIC (smaller is better) 71.4

Type 3 Tests of Fixed Effects

Num Den
Effect DF DF F Value Pr > F
temp 2 3 7.21 0.0715
Least Squares Means
Standard

Effect temp Estimate Error DF t Value Pr>|t]
temp high 16.5000 1.6499 3 10.00 0.0021
temp low 7.6667 1.6499 3 4.65 0.0188
temp medium 11.5000 1.6499 3 6.97 0.0061

Differences of Least Squares Means

std.
Effect temp temp

temp high low 8.8333 2.3333 3 3.79 0.0323
temp high medium 5.0000 2.3333 3 2.14 0.1215
temp low medium -3.8333 2.3333 3 -1.064 0.1990

Estimate Error DF t Value Pr>|t|
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Brief Summary of the Course

e All linear models

e Regression analysis and analysis of variance (ANOVA) or
analysis of covariance (ANCOVA) for experiments.

e y—is a continuous variable; “dependent” variable in
regression; “response” variable in experiments

Regression (Fitting Equations):

Reason: Prediction of the dependent variable (y; hard to
measure) from related variables (x’s; easy to measure). Started
with only continuous x variables, and then added class variables
as predictors.

Model:
YVi= Pt Bixii+ BoXoi T Py Xmi T

e Used least squares regression to find estimated coefficients
and standard errors of the coefficients

e Used “hand calculations” for SLR only.
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SAS:

PROC REG data=yourdata;

model y=X1 X2 X3;

output out=outl p=yhatl r=residl;
run;

PROC PLOT DATA=outl;
plot residl*vyhatl;
run;

PROC univariate data=outl plot normal;
Var residl;

Run;

Process:

1. Collect data on'y and x’s.

2. Run a model.

3. Check assumptions. If met, go to step 5.

4. If not met, transform the x and go back to step 2. If this does

not work, try transforming the y and repeat step 2.

Goodness of fit measures: R* (or r*) and root MSE (SEp).

6. Use an F-test to see if the model is significant. Null
hypothesis: HO: B;=B,=B;=...=Pn =0 [all slopes are
zero meaning no relationship with x’s]

7. If the regression is significant, test each predictor variable (in
the presence of the other x-variables), using a t-test.

8. Can calculate confidence intervals for each coefficient, and
for the predicted values (mean predicted value, new
observation, OR mean of g new observations).

W
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Adding class variables:

e Convert these to dummy variables.

e The set of dummy variables represents that class variable

e Dummy variables alter the intercept

e Interactions between dummy variables and the continuous
variables alter the slopes.

e Use a partial F-test as this can be used to test a group of
variables (the group of dummy variables, or the group of
interactions between dummy variables and continuous
variables), whereas a t-test is for a single variable (testing a
single dummy variable has no meaning — the group of dummy
variables represents that class; unless there is only two levels
in the class, since this would be only 1 dummy variable)

(SSreg (full) — SSreg (reduced )) r

SSE /(n—m —1)(full)
Where r is the df(model) for the full model — df(model) for the
reduced model.

partial F =

Stepwise methods (as guides to selecting variables):
1. All possible regressions
2. R? (or Adjusted R?).
3. Stepwise.
4. Backwards Stepwise
5. Forward Stepwise 2™-1

CAUTION: Careful with dummy variables! Must come in or
out of the model as a group, as the group represents one class
variable.
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Experimental Design:

Manipulate by using treatments

We are interested in CAUSE and EFFECT

NOTE: We did “hand” calculations for CRD, one-factor
only

Designs:

Select homogeneous experimental units

Randomly assign treatments to experimental units
Treatments can be divided into Factors

A crossed experiment (factorial) includes all combinations
of the factor levels from all Factor

Factors can be nested in another factor — more difficult to
interpret and cannot look at interactions among factors
Factors can be fixed-effect or random-effect

NOTE: differences in the use of the word random:

o Random sampling
o Random assignment of treatments to experimental
units

o Random-effects
Can “block” before assigning treatments to experimental
units to reduce variability among experimental units
Can “split” experimental units for a second factor, or even
split again “split-split plot for a third level — will affect the
analysis and conclusions made
Can add “covariates” as measurements on continuous
variables from each experimental unit, to reduce
variability

Can have one measurement from each experimental unit

(or an average for that unit), or can retain sampling unit
measures but must divide the error in that case.

Error terms (experimental error and sampling error) are
random-effects

Blocks are often random-effects

F-tests are used to test for interactions (1%), and main effects.
Expected means squares are used to determine which F-tests
to use to test each factor.

If there is an interaction among factors, you cannot interpret
the main effects (each Factor) separately

If there is a significant difference in means (for a main effect,
or there is an interaction), post comparison tests can be used
to determine which means differ, IF the factor(s) are fixed-
effects.

For random-effects factors (and interactions), we can use the
MS’s to estimate the variance for that factor (or interaction)



Process for Analysis:

1.

Set up data in excel, by giving a label to each observation
as to which block, and factor levels it was measured for,
experimental unit, sampling unit, etc.
Set up SAS (or other package) with
a. the correct class statements,
b. model statements,
¢. any necessary test statements (use the expected mean
squares to decide if the default is ok or not), and
d. multiple comparisons (use LSMEANS for this in
SAS).
e. Also, get a residual plot, normal probability plot, and
normality tests (for the residuals)
Check the assumptions first. May have to transform the y-
variable until assumptions are met.
When assumptions are met, use F-tests for interactions (if
any) first. Make sure you have the right F-test.
If no interactions, check F-tests for main effects (e.g.,
Factor A, Factor B, etc).

. For fixed-effects (main or interactions) that show

significant differences among mean values, do pairs of
means t-tests (or other multiple comparisons) to decide
which means differ. Remember to divide alpha by the
number of pairs of means when interpreting pairs of means
t-tests.

. For random-effects, estimate the variance for that factor.

(can do this for error terms also as they are random-
effects)
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Models:

CRD with one factor:

Model: Vy =H+T; +&;

SAS:

PROC GLM data=yourdata;

CLASS Treatment;

MODEL y=treatment;

MEANS treatment/scheffe hovtest=bartlett;
estimate 'l VS others' treatment 4 -1 -1 -1 -
1/divisor=4;

OUTPUT OUT=GLMOUT PREDICTED=PREDICT
RESIDUAL=RESID;

RUN;

PROC PLOT DATA=GLMOUT;

PLOT RESID*PREDICT='*";

RUN;

PROC UNIVARIATE DATA=GLMOUT PLOT NORMAL;
VAR RESID;

RUN;

OR:
Can use:
MEANS treatment/pdiff tdiff hovest=bartlett;

Instead.



2-factor, CRD:
Model: YVix =H T T, T T T T 55 T 65

SAS: both factors are fixed-effects

PROC GLM data=yourdata;

class factorA factorB;

model result=factorA factorB factorA*factorB;
output out=glmout r=resid p=predict;
lsmeans factorA factorB
factorA*factorB/pdiff tdiff;

run;

proc plot data=glmout;

plot resid*predict="'*";

run;

PROC univariate data=glmout plot normal;
Var resid;

Run;

SAS: mixed-effects, A fixed-effect; B random-effect

PROC GLM data=yourdata;

class factorA factorB;

model result= factorA factorB factorA*factorB;
random factorB/test;

test h= factorA e= factorA*factorB;

lsmeans factorA/e= factorA* factorB pdiff tdiff;
output out=glmout r=resid p=predict;

run;

proc plot data=glmout;

plot resid*predict='*";

run;

proc univariate data=glmout normal plot;

var resid;

run;
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RCB, one fixed-effect
Model: YV =H++Tp +7T,, +&,

SAS:

PROC GLM data=yourdata;

class block treatment;

model y=block treatment;

random block;

lsmeans treatment/pdiff tdiff;

output out=glmout r=resid p=predict;

run;

[plus statements to obtain the residual plot and
normality plot/tests]

RCB, two Factors:
Model: Vju =H T Tpk; T Tk 0o T Typuy T €

SAS both Factors are fixed-effects, and blocks are random-
effects:

PROC GLM data=yourdata;

class block factorA factorB;

model y=block factorA factorB factorA* factorB;
random block;

lsmeans factorA/pdiff tdiff;

lsmeans factorB/pdiff tdiff;

lsmeans factorA* factorB/pdiff tdiff;

output out=glmout r=resid p=predict;

run;

[plus statements to obtain the residual plot and
normality plot/tests]
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Generalized RCB, one Factor (RCB with replicates in each
block)

Model: YVix = U+ Tpix ; T Trric T T o T i

SAS (treatment is a fixed effect; blocks are random-eftfects)
PROC GLM data=yourdata;

class block treatment;

model y=site treatment block*treatment;

random block block*treatment;

test h=treatment e=site*treatment;

lsmeans treatment/e=site*treatment pdiff tdiff;
output out=glmout r=resid p=predict;

run;

[plus statements to obtain the residual plot and
normality plot/tests]

Latin Square, with blocking in two directions
One fixed-effect factor:

Model: YVju =H T +Tp T +tEy
SAS:

PROC GLM data=yourdata;

class row column treatment;

model y=row column treatment;

random row column;

lsmeans treatment/pdiff tdiff;

output out=glmout r=resid p=predict;

run;

[plus statements to obtain the residual plot and
normality plot/tests]
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Split plots (and split-split plots):
Model for a 2-factor RCB, split-plot:

Vit = Meoe T Tk j T T T Cprisaje T 0o T Tapu T € u

SAS: blocks random-effects, Factor A fixed-effects, FactorB is

applied to the split-plot

PROC GLM data=yourdata;

TITLE 'split plot, blocks random, treatments fixed';
CLASS block factorA factorB;

MODEL y=block factorA block*factorA factorB
factorA*factorB;

Test h=factorA e=factorA*block;

LSMEANS factorA/e=block*factorA tdiff pdiff;
LSMEANS factorB factorA*factorB/tdiff pdiff;

OUTPUT OUT=GLMOUT PREDICTED=PREDICT RESIDUAL=RESID;
RUN;

[plus statements to obtain the residual plot and
normality plot/tests]

Nested factors:
For a crossed experiment (Factorial):

Vi SHFT+ Ty +T 5, +E5
However, for a nested experiment, B nested in A, we have:
Model: YVix =H T T, T Ty T €

SAS:

PROC GLM data=yourdata;

class factorA factorA;

model y= factorA factorB(factord);

output out=glmout r=resid p=predict;

lsmeans factorA factorB(factorA)/pdiff tdiff;
run;

[plus statements to obtain the residual plot and
normality plot/tests]
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CRD: One Factor Experiment, Fixed Effects with subsampling
Model: Vi = H+ Ty + Epyy + Esuin

SAS: (note: expunitlabel is the label for the exp. units, eg.,

batch, board, etc)

PROC GLM data=yourdata;

class treatment expunitlabel;

model y=treatment expunitlabel (treatment) ;
random expunitlabel (treatment) /test;

test h=treatment e= expunitlabel (treatment) ;
lsmeans treatment /e= expunitlabel (treatment)pdiff
tdiff;

output out=glmout r=resid p=predict;

run;

[plus statements to obtain the residual plot and
normality plot/tests]

NOTE: could instead average the sample values for each
experimental unit, to obtain one value for that experimental unit,
and analyze this as if there were no samples (error term is
experimental unit).

Generalized RCB [randomized block design, also called
randomized complete block] with subsampling:

Model: Vit = B+ Tpi; + Trpe T Torxwrrie T €puipe + Esuiju

[not given in class, but can modify the SAS code for generalized
RCB]
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Analysis of Covariance

Model: shown for CRD with two fixed-effect factors and one
covariate; covariates are continuous variables; assuming no
interactions between covariate and factors

Vi = ﬂ"‘ﬂ(xjkl —-X)+ Toik ;) Y O0uk Y00 T Ty T €1

SAS code [full model with interactions which are not shown in

the model above, and reduce to only one factor]

PROC GLM data=yourdata;

CLASS factorA;

Full: MODEL y=factorA x factorA*x/solution;

OUTPUT OUT=GLMOUTZ2 PREDICTED=PREDICTZ2 RESIDUAL=RESID2;
RUN;

PROC PLOT DATA=GLMOUTZ2;

PLOT RESID2*PREDICT2="'*"';

RUN;

PROC UNIVARIATE DATA=GLMOUTZ2 PLOT NORMAL;
VAR RESID2;

RUN;

Compare to the classical analysis of covariance model with no

interaction between the covariates and the factors:

PROC GLM data=yourdata;

CLASS factorA;

Full: MODEL y=factorA x/solution;

OUTPUT OUT=GLMOUT3 PREDICTED=PREDICT3 RESIDUAL=RESID3;
RUN;

PROC PLOT DATA=GLMOUT3;

PLOT RESID3*PREDICT3='*"';

RUN;
PROC UNIVARIATE DATA=GLMOUT3 PLOT NORMAL;
VAR RESID3;

RUN;
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Using a partial F-test:
(SSreg( full) — SSreg(reduced ))/ r

partial F =
SSE/(dferror)(full)
OR
. (SSE (reduced) — SSE( full))/r
partial F = e dferrory full)
_ (SS due to dropped interaction variable(s))/r
- MSE( full)

SSreg=SSmodel
r=df(model for full model)-df(model for reduced model)

df for numerator of Fis r
df for denominator of F is df(error full model)

Expected Mean Squares:
e Given for all models covered
e Can calculate this using the “rules” for any model (not be
required to do this on an exam)

Power analysis:

Four possible results from Hypothesis testing:
Reject HO | Accept HO
HO True o l-a
HO False 1-8 p

e Set Type I error (o)

e Solve for Type II error (B)

e Poweris 1-




